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@ « € R index of self-similarity

@ each fragment of size u has exponential lifetime with parameter u™*

4/14



1

08

06

04

02

) L |
0 02 04 06 08 1

Self-similar fragmentation is a Markov process (/)0 on

@ « € R index of self-similarity

@ each fragment of size u has exponential lifetime with parameter u™*
@ v - dislocation measure S (probabilistic)
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@ « € R index of self-similarity
@ each fragment of size u has exponential lifetime with parameter u™*
@ v - dislocation measure S (probabilistic)

@ each fragment of size u splits into fragment of sizes
uTy > uTp > uTs..., with (T, Tp,...) € S is distributed according to
v
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Theorem ([Filippov, 1961], [Bertoin, 2004])
If « < 0, then with probability one /; = (0,0, .. .) for sufficiently large t. J
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Fact
Leta >0, Iy = (Xi(t))i>1. lf k(p) = 1 for some p > 0, then

M) = Y X(1P

is a uniformly integrable martingale.
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Fact
Leta >0, Iy = (Xi(t))i>1. lf k(p) = 1 for some p > 0, then

M) = Y X(1P

is a uniformly integrable martingale.

Mo = lim M(1).

t—o0
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Theorem ( [Kolmogorov, 1941], [Biggins, 1990])
Let « = 0. For any continuous and bounded f: R — R,

ixp(t (%'09()@(1‘))) —P (k' (p)) M.
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Theorem ( [Kolmogorov, 1941], [Biggins, 1990])
Let « = 0. For any continuous and bounded f: R — R,

- XE(OF (§10a0(1) ) = 1)) Mo
k=1

PUXC(0) = X0 = S0, M) = L X(0°

Theorem ( [Kolmogorov, 1941], [Biggins, 1990])
Leta = 0.

Hiog(X* (1)) =¥ &/(p).

|09X*(t) — tK/(p) _>d N(O 1).
t” (p) ’
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Theorem ( [Filippov, 1961], [Bertoin and Gnedin 2004] )

Let « > 0. 1
taX*(t) =9 p
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Theorem ( [Filippov, 1961], [Bertoin and Gnedin 2004] )

Let « > 0. 1
taX*(t) =9 p

M;-size of the largest fragment

Theorem ([Kyprianou, Lane and Mdrters, 2017])
a =0,
—log(M:) = cit+ calog(t)(1 +o(1))

Theorem ([Bertoin, 2003])
Leta > 0.

~log(M;) = ~log(1)(1 + (1))
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Definition
Self-similar fragmentation process is called k-regular if v is concentrated
at(1/k,1/k,...,1/k,0,0,...) € S.
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M; - size of the largest fragment, m; - size of the smallest fragment Let

1
h(t) = " log, (t) — c1 logy log, (t) — c2,

1
g(t) = " log, (t) + c31/10g,(t) — c4l0gy log, (t) + Cs.

for some known constants ¢; > 0.
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1
h(t) = " log, (t) — c1 logy log, (t) — c2,

1
g(t) = " log, (t) + c31/10g,(t) — c4l0gy log, (t) + Cs.

for some known constants ¢; > 0.

Theorem (D, Gantert, Johnston, Prochno, Schmid, 2022)

For k-regular fragmentation process such that « > 0 and lp = (1,0,0,...),
with probability one for sufficiently large t > 0,

{h(t) — d1b|90|§;€<)ﬂ < —log, (M) < {h(t) 4= d1|0|90|:8§ﬂ ,

[Q(t) - dzlog(1t)1/3—‘ < —logk(ms) < {g(t) + d2|09(1l‘)1/3-‘

for some constants dy, d> > 0.
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[0,k~") € Iy
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[0,k~") € Iy

(Yt)t>0 is a Markov process on N = {0,1,2,...}.
Yo =0 |
P[Yiyar =j+1]Ye=j] = k/"dt + o(dl)
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[0,k~") € Iy
(Yt)t>0 is a Markov process on N = {0,1,2,...}.
Yo =0 |
P[Yiyar =j+1]Ye=j] = k/"dt + o(dl)
Sn = the moment [0, k— ) splits,
Sp=sup{t>0:Y;=n}
n .
E;n - 2:: ka'bmﬁ
i=0
k* W; time that (Y;)¢>0 spends in state i, W; ~ Exp(1)
Remark
If « <O,

Sn— Y_KYW; < o0
i=0
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T = k-regular tree
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T = k-regular tree
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T = k-regular tree

S(v) moment v € T splits.
(Ex. S([0,k~")) = Sp).
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T = k-regular tree

S(v) moment v € T splits.
(Ex. S([0,k™")) = Sp).
ifvCwilv|=|w|+1,

S(v) = S(w) + k*Vw

(S(v))ver is so-called expanding branching random walk [Athreya, 1985]
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S(v) = S(w) + KWW = Y gl )

y<v
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{My > k™ "} = {sup S(v) > t}

lv|=n
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{My > k™ "} = {sup S(v) > t}

lv|=n

S(V) — Z k“|y| W(y), max k“‘v‘ W(V)

ysv

v[=n

k=" sup S(v) =~ sup R(v)

|v|=n VE...
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{My > k™ "} = {sup S(v) > t}

|v|=n

S(v) = Z KyIlw ) max kv (V)

y<v

[v|=n

k=" sup S(v) = sup R(v)
|v|=n ve..
k=" sup S(v) — nlog(k) =9 F(x) = e "¢

|v|=n
14/14
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1
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for some known constants ¢; > 0.
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