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ω = {pk}k∈Z ∼ P

X = {Xn}n∈N spacer losowy w losowym środowisku

Pω[Xn+1 = k + 1 |Xn = k ] = pk

Pω[Xn+1 = k − 1 |Xn = k ] = 1− pk .

Pω – quenched probability. P–annealed probability

P[X ∈ A, ω ∈ B] =
∫

B
Pω[X ∈ A] P(dω).

Xn ∼? n→ ∞
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środowisko iid: {pk}k∈Z iid

[F. Solomon, Ann. Probab. 1975]
σ = 1−p0

p0

E log σ < 0 pociąga Xn → ∞

Xn

n
→
{

0 Eσ ≥ 1
1−Eσ
1+Eσ Eσ < 1

< E2p− 1

[Kesten, Kozlov and Spitzer, Compositio Math. 1975]

Eσα = 1 dla α ∈ (0, 1) implikuje

Xn

nα
→d L−α

α

Lα-α stabilna
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Rzadkie losowe zaburzenia

[Matzavinos, Roitershtein and Seol, Electron. J. Probab. 2017]

{ξk}k∈Z iid, ξk ∈N, {λk}k∈Z iid, λk ∈ (0, 1)

pk =

{
λn, k = Sn dla pewnego n ∈ Z
1
2 , poza tym
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ρ = 1−λ
λ

Lemat
Jeżeli E log(ρ) < 0 oraz E log ξ < ∞, to Xn → +∞.

−3 / 14



Twierdzenie (Buraczewski, D, Iksanov, Marynych, SPA 2020)

Niech ρ = 1−λ
λ . Załóżmy, że Eρα = 1 dla pewnej α ∈ (0, 1)

Eξ2 < ∞
Xn

nα
⇒ L−α

α

P(ξ > x) ∼ x−β, β ∈ (1, 2]

Xn

nγ
⇒ L−γ

γ , γ = α ∧ β

2

P(ξ > x) ∼ x−β, β ∈ (0, 1), β/2 < α

Xn√
n
⇒ χ

P(ξ > x) ∼ x−β, β ∈ (0, 1), β/2 > α

Xn

nα/β
⇒ χ′

1 / −6
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λ . Załóżmy, że Eρα = 1 dla pewnej α ∈ (0, 1)

Eξ2 < ∞
Xn

nα
⇒ L−α

α

P(ξ > x) ∼ x−β, β ∈ (1, 2]

Xn

nγ
⇒ L−γ

γ , γ = α ∧ β

2

P(ξ > x) ∼ x−β, β ∈ (0, 1), β/2 < α

Xn√
n
⇒ χ

P(ξ > x) ∼ x−β, β ∈ (0, 1), β/2 > α

Xn

nα/β
⇒ χ′

1 / −6



Twierdzenie (Buraczewski, D, Iksanov, Marynych, SPA 2020)

Niech ρ = 1−λ
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P(ξ > x) ∼ x−β, β ∈ (0, 1), β/2 < α

Tn = inf{k : Xk = n}

V (n) = inf{k : Sk > n}

Tn = TSV (n)−1
+ (Tn − TSV (n)−1

)

n−βV (n)→ ν

P[TS1 > x ] ∼ P[ξ2
1 > x ] ∼ t−

β
2

(
N−

2
β TSdN·te

)
t≥0

=

(
N−

2
β

dN·te

∑
k=1

TSk − TSk−1

)
t≥0

⇒ (L(t))t≥0

1
n2 TSV (n)−1

→ L(ν)
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P(ξ > x) ∼ x−β, β ∈ (0, 1), β/2 < α

Tn − TSV (n)−1
≈ #{k ≤ Tn : Xk ∈ (SV (n)−1, n)}

d
= #{k ≤ T ′n−SV (n)−1

: X ′k ∈ (0, n− SV (n)−1)}

= T ′n−SV (n)−1

X ′ = (X ′n)n prosty spacer losowy odbity w 0.

1√
n

X ′[nt ] ⇒ |Bt |

B - ruch Browna(
n−2T ′(nt)

)
t≥0 ⇒ (M(t))t≥0, M(t) = inf{s > 0 : |Bs| = t}

SV (n)−1

n
→ ζν ∈ (0, 1)

n−2(Tn − TSV (n)−1
)→ M(1− ζν)

x2 / 3x3 + 2
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Walks and trees are abstractly identical objects
(T. E. Harris ’52)

Tn = inf{k : Xk = n}

Tn =# liczba kroków w czasie [0, Tn)

= # liczba kroków w prawo w czasie [0, Tn)

+ # liczba kroków w lewo w czasie [0, Tn)

= n + 2 · # liczba kroków w lewo w czasie [0, Tn)
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TSn

d
= Sn +2

n

∑
k=1
Ik +Zk +Rk

EωIk ≈ ξ2
k

P[Ik +Zk +Rk > t ] ∼ t−γ γ = α ∧ β
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