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[Bertoin, PTRF 2001] [Bertoin, AIHP 2002]
[Bertoin, JEMS 2003]

A self-similar fragmentation is a Markov process /s = (Xi(t), X2(t),...) on

S:{s:(s1,32,33,...):s1 >85 >...>0, Zsk§1}.
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@ v - dislocation measure (finite) on S such that v(}_xcn Sk # 1) = 0;
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A self-similar fragmentation is a Markov process /s = (Xi(t), X2(t),...) on

S:{s:(s1,32,s3,...):s1 >85 >...>0, Zsk§1}.
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@ v - dislocation measure (finite) on S such that v(}_xcn Sk # 1) = 0;
@ « € R the index of self-similarity;

o fragment of size u has an exponentially distributed lifetime with
parameter v(S)u*;

Piotr Dyszewski (Uniwersytet Wroctawski) Fragmentation processes 4/14



Contrige s st otrts 102

Random

Fragmentation
and Coagulation

Processes

[Bertoin, PTRF 2001] [Bertoin, AIHP 2002]
[Bertoin, JEMS 2003]

A self-similar fragmentation is a Markov process It = (Xi(t), Xz(t),...) on

S:{s:(s1,32,33,...):s1 >85 >...>0, Zsk§1}.
kelN

@ v - dislocation measure (finite) on S such that v(}_xcn Sk # 1) = 0;

@ « € R the index of self-similarity;

@ fragment of size u has an exponentially distributed lifetime with
parameter v(S)u*;

@ each fragment of size u splits into fragments of sizes
uSy > uS; > uSs...,where (S, S, ...) is sampled according to
v(-)/v(S);
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U,V ~ulo,1],

(S1,82,...) = (UV, U1 = V), (1=U)V,(1=U)1 = V),0,...)*
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U* ~U|0,1)?
x(t) = size of the rectangle containing U* at time t.

H_:fl_ _H‘J;Z
- i
= FE

I 1 I

LT

= (X (1), Xe(t),...) €S
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Piotr Dyszewski (Uniwersytet Wroctawski) Fragmentation processes 6/14



U* ~U|0,1)?

x(t) = size of the rectangle containing U* at time t.

L]
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I 1 I

= (X (1), Xe(t),...) €S

‘h - 2:: )(k 6}@
kelN
E[f(x(t)] =E | }_ Xe(t)f(Xk())
kelN
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Lyf(x) = v(S)x"E

Z Skf(SkX) - f(X)]
keN

= xa/ <Z skf(skx) — f(x)> v(ds)
S \keN
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= (X1(t), Xa(t), ...) is self-similar

(D) g = (o 0)

t>0
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= (X1(t), Xa(t), ...) is self-similar

(X(X) (t)) t>0 g (XX(1) (X‘x t)) t>0

there exist a Lévy process ¢

x(t) = e 5w

u
P(l‘)Zinf{u>0 :/ e“érdr>t}
0
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= (X1(t), Xa(t), ...) is self-similar

(X(X)(t))tzo < (XX(U(Xat))tzo

there exist a Lévy process ¢

x(t) = e ﬂﬁ //

u
P(l‘)Zinf{u>0 :/ e“érdr>t}
0

Lgf(X):V Z Skf |og(1/Sk —|—X —f ]
keIN
:/ (Z S f |Og(1/Sk)+X)—f( ))
S \keN
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[Aldous & Pitman, AoP 1998]
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P B 5y

[Aldous & Pitman, AoP 1998]

1/ L
[Sg(31,32,...>y(ds):§/0 911 =00, )
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v can be infinite provided that

/5(1 —s)v(ds) <oo,  s=(s1,52...).
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v can be infinite provided that
/8(1—31)1/(ds)<oo, s =1(s1,8,...).

e fragment of size x breaks into xsy, xsz, ... with intensity x*v(ds);
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/8(1—31)1/(ds)<oo, s =1(s1,8,...).

e fragment of size x breaks into xsy, xsz, ... with intensity x*v(ds);
@ v is allowed to have a singularity at (1,0, ...);

@ There are infinitely many fragmentation events with proportions
(31,82,...) =~ (1,0,...);
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v can be infinite provided that
/8(1—31)1/(ds)<oo, s =1(s1,8,...).

e fragment of size x breaks into xsy, xsz, ... with intensity x*v(ds);
@ v is allowed to have a singularity at (1,0, ...);

@ There are infinitely many fragmentation events with proportions
(s1,82,...)~(1,0,...);
X(t) = e_gp(t)

Ly f(x) = x”‘/

S

( Y skf(skx) — f(x)) v(ds)

keIN

Lef(x) = /S (Z skf(log(1/sk) + x) — f(x)> v(ds)

keN
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p=E[]g] = /S ) sklog(1/sk)v(ds) < oo, &~ ot

keN
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p=E[]g] = /S ) sklog(1/sk)v(ds) < oo, &~ ot

keN
1

e r r = , ~ —
A p(t) ~ - log
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p=E[]g] = /S ) sklog(1/sk)v(ds) < oo, &~ ot

keN

p(1) 1
asr _
/0 o(t) i og(1)

0g(x(1) ~ — log(1)
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u=E[g] = /s Z sk log(1/sk)v(ds) < oo, & ~ ut

keN

p(t) 1
adr _
e*trdr = t, t) ~ — log(t
J p(t) ~ . tog(t)

08(x(1)) ~ — log(1)

Theorem (Bertoin, JEMS 2003)

log(X (1)) ~ —— log(1)
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u=E[5] = /S 2 Sk log(1/sk)v(ds) < oo, Cr ~ ut

keN

p(t) 1
adr _
e*trdr = t, t) ~ — log(t
JA p(t) ~ . tog(t)

08(x(1)) ~ — log(1)

Theorem (Bertoin, JEMS 2003)

log(X (1)) ~ —— log(1)

Theorem (D, Gantert, Johnston, Prochno, Schmid, AoP 2022)

V=00/k1/k,.1/k0,.) X1 (t) ~ et~ /% (log(t))"*

Piotr Dyszewski (Uniwersytet Wroctawski) Fragmentation processes 11/14



/(1—31)v(ds)<oo, s =(s1,8,...).
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/(1—31)v(ds)<oo, s =(s1,8,...).

v(is i 1—s >08)=0"%(1/5), 6c]01).
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/(1—31)V(ds)<00, s = (s1,82,...).

v(s : 1—s1>068)=056"°%(1/5), 6¢€][0,1).

Theorem (D, Johnston, Palau, Prochno, 2026+)

Xi(t) ~ t"/* log(t) "~/ (log(1))
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/(1 —s)v(ds) <oo, s=(51,5,...).

v(s : 1—s1>068)=056"°%(1/5), 6¢€][0,1).

Theorem (D, Johnston, Palau, Prochno, 2026+)
X3 (1) ~ t7 /% 10g (1) 1-0/2(log 1)) J

P[X(t)>e "] <P

Y Vxsen = 1]

keIN

<E =B [x() ey | < &P |G < ]

Y xsen

keN
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Lemma

P [&; < €] = exp {—tﬂfee_&ﬁq(t/e)}
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Lemma

P [&; < €] = exp {—tﬂfﬂe_%ﬁq(t/e)}

P[¢; <e]=TP [@fqgf > e*qe} <E {efqéz} 0% — o~ 1P(q)+qe
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Lemma

P(g <] mexp {~tT7e 007 (t/e) |

]P[C[ < e] =P [efq‘gf > e*qe} <E [e*ql:t} g% — g~ 1P(a)+qe

®(q) = /( ZSC’H) ~ Cq’l(q)

keN
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Proposition

1

P [x(t) > 6] =P |gy) < | ~ exp {—c (e7Mt) ™ ¢~ (e“"”t)}
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Proposition

1

P [x(t) > 6] =P |gy) < | ~ exp {—c (e7Mt) ™ ¢~ (e""ht)}

Vi :/o 1{Cp<r>€[h*k€rh*€(kf1)]}dr' {Cp(t) < h} = { Y Y > t}

kelN
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kelN

P[Yc>t~P [Ce—a(hfek)t < €]
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Proposition

1

P [x(t) > 6] =P |gy) < | ~ exp {—c (e7Mt) ™ ¢~ (e""ht)}

Yi :/0 1{Cp(,)e[hfke,hfe(kf1)]}dr' {Cp(t) = h} = { Z Y > t}

kelN

P[Yc>t~P [Ce—a(hfek)t < €]

P[0 <h| =P

Eyk>t

kelN

~ sup P[Yx > rt]
Zrk:1

~ exp {— (e“"”t)‘%" 1 (e [i?L (f(s)e®) ™ ds}
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