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[Bertoin, PTRF 2001] [Bertoin, AIHP 2002]
[Bertoin, JEMS 2003]

A self-similar fragmentation is a Markov process It = (X1(t),X2(t), . . .) on

S =

{
s = (s1, s2, s3, . . .) : s1 ≥ s2 ≥ . . . ≥ 0, ∑

k∈N

sk ≤ 1

}
.

ν - dislocation measure (finite) on S such that ν(∑k∈N sk ̸= 1) = 0;
α ∈ R the index of self-similarity;
fragment of size u has an exponentially distributed lifetime with
parameter ν(S)uα;
each fragment of size u splits into fragments of sizes
uS1 ≥ uS2 ≥ uS3 . . ., where (S1,S2, . . .) is sampled according to
ν(·)/ν(S);
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U,V ∼ U [0, 1],

(S1,S2, . . .) = (UV ,U(1 − V ), (1 − U)V , (1 − U)(1 − V ), 0, . . .)↓
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U∗ ∼ U [0, 1]2
χ(t) = size of the rectangle containing U∗ at time t .

It = (X1(t),X2(t), . . .) ∈ S

χ(t)|It
d
= ∑

k∈N

Xk (t)δXk (t)

E [f (χ(t))] = E

[
∑

k∈N

Xk (t)f (Xk (t))

]
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Lχf (x) = ν(S)xαE

[
∑

k∈N

Sk f (Sk x)− f (x)

]

= xα
∫
S

(
∑

k∈N

sk f (sk x)− f (x)

)
ν(ds)

Piotr Dyszewski (Uniwersytet Wrocławski) Fragmentation processes 7 / 14



Lχf (x) = ν(S)xαE

[
∑

k∈N

Sk f (Sk x)− f (x)

]

= xα
∫
S

(
∑

k∈N

sk f (sk x)− f (x)

)
ν(ds)

Piotr Dyszewski (Uniwersytet Wrocławski) Fragmentation processes 7 / 14



Lχf (x) = ν(S)xαE

[
∑

k∈N

Sk f (Sk x)− f (x)

]

= xα
∫
S

(
∑

k∈N

sk f (sk x)− f (x)

)
ν(ds)

Piotr Dyszewski (Uniwersytet Wrocławski) Fragmentation processes 7 / 14



Lχf (x) = ν(S)xαE

[
∑

k∈N

Sk f (Sk x)− f (x)

]

= xα
∫
S

(
∑

k∈N

sk f (sk x)− f (x)

)
ν(ds)

Piotr Dyszewski (Uniwersytet Wrocławski) Fragmentation processes 7 / 14



Lχf (x) = ν(S)xαE

[
∑

k∈N

Sk f (Sk x)− f (x)

]

= xα
∫
S

(
∑

k∈N

sk f (sk x)− f (x)

)
ν(ds)

Piotr Dyszewski (Uniwersytet Wrocławski) Fragmentation processes 7 / 14



Lχf (x) = ν(S)xαE

[
∑

k∈N

Sk f (Sk x)− f (x)

]

= xα
∫
S

(
∑

k∈N

sk f (sk x)− f (x)

)
ν(ds)

Piotr Dyszewski (Uniwersytet Wrocławski) Fragmentation processes 7 / 14



Lχf (x) = ν(S)xαE

[
∑

k∈N

Sk f (Sk x)− f (x)

]

= xα
∫
S

(
∑

k∈N

sk f (sk x)− f (x)

)
ν(ds)

Piotr Dyszewski (Uniwersytet Wrocławski) Fragmentation processes 7 / 14



Lχf (x) = ν(S)xαE

[
∑

k∈N

Sk f (Sk x)− f (x)

]

= xα
∫
S

(
∑

k∈N

sk f (sk x)− f (x)

)
ν(ds)

Piotr Dyszewski (Uniwersytet Wrocławski) Fragmentation processes 7 / 14



It = (X1(t),X2(t), . . .) is self-similar(
χ(x)(t)

)
t≥0

d
=
(

xχ(1)(xαt)
)

t≥0

there exist a Lévy process ξ

χ(t) = e−ξρ(t)

ρ(t) = inf

{
u > 0 :

∫ u

0
eαξr dr > t

}

Lξ f (x) = ν(S)E
[

∑
k∈N

Sk f (log(1/Sk ) + x)− f (x)

]

=
∫
S

(
∑

k∈N

sk f (log(1/sk ) + x)− f (x)

)
ν(ds)
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

[Aldous & Pitman, AoP 1998]

∫
S

g(s1, s2, . . .)ν(ds) =
1
2

∫ 1

0
g(u, 1 − u, 0, . . .)

1√
2πu3(1 − u)3

du
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ν can be infinite provided that∫
S
(1 − s1)ν(ds) < ∞, s = (s1, s2, . . .).

fragment of size x breaks into xs1, xs2, . . . with intensity xαν(ds);

ν is allowed to have a singularity at (1, 0, . . .);

There are infinitely many fragmentation events with proportions
(s1, s2, . . .) ≈ (1, 0, . . .);

χ(t) = e−ξρ(t)

Lχf (x) = xα
∫
S

(
∑

k∈N

sk f (sk x)− f (x)

)
ν(ds)

Lξ f (x) =
∫
S

(
∑

k∈N

sk f (log(1/sk ) + x)− f (x)

)
ν(ds)
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µ = E[ξ1] =
∫
S

∑
k∈N

sk log(1/sk )ν(ds) < ∞, ξt ∼ µt

∫ ρ(t)

0
eαξr dr = t , ρ(t) ∼ 1

αµ
log(t)

log(χ(t)) ∼ −1
α
log(t)

Theorem (Bertoin, JEMS 2003)

log(X1(t)) ∼ −1
α
log(t)

Theorem (D, Gantert, Johnston, Prochno, Schmid, AoP 2022)

ν = δ(1/k ,1/k ,...,1/k ,0,...), X1(t) ∼ ct−1/α(log(t))1/α
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∫
(1 − s1)ν(ds) < ∞, s = (s1, s2, . . .).

ν(s : 1 − s1 > δ) = δ−θℓ(1/δ), θ ∈ [0, 1).

Theorem (D, Johnston, Palau, Prochno, 2026+)

X1(t) ∼ t−1/α log(t)(1−θ)/αℓ(log(t))

P
[
X1(t) > e−h] ≤ P

[
∑

k∈N

1{Xk (t)>e−h} ≥ 1

]

≤ E

[
∑

k∈N

1{Xk (t)>e−h}

]
= E

[
χ(t)−11{χ(t)>e−h}

]
≤ ehP

[
ξρ(t) ≤ h

]
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Lemma

P [ξt ≤ ϵ] ≈ exp
{
−t

1
1−θ ϵ−

θ
1−θ ℓ−1(t/ϵ)

}

P[ξt ≤ ϵ] = P
[
e−qξt ≥ e−qϵ

]
≤ E

[
e−qξt

]
eqϵ = e−tΦ(q)+qϵ

Φ(q) =
∫
S

(
1 − ∑

k∈N

sq+1
k

)
ν(ds) ∼ Cqθℓ(q)
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Proposition

P
[
χ(t) ≥ e−h] = P

[
ξρ(t) ≤ h

]
≈ exp

{
−C

(
e−αht

) 1
1−θ ℓ−1 (e−αht

)}

Yk =
∫ ∞

0
1{ξρ(r)∈[h−kϵ,h−ϵ(k−1)]}dr ,

{
ξρ(t) ≤ h

}
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{
∑

k∈N

Yk > t

}

P [Yk > t ] ≈ P [ξe−α(h−ϵk)t ≤ ϵ]

P
[
ξρ(t) ≤ h

]
= P

[
∑

k∈N

Yk > t

]
≈ sup

∑ rk=1
P [Yk > rk t ]

≈ exp

{
−
(
e−αht

) 1
1−θ ℓ−1 (e−αht

)
inf∫
f=1

∫
(f (s)es)

1
1−θ ds

}
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