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» the particles reproduce according to a Galton-Watson process
{Zn}n with reproduction mean E[Z;] = m > 1 such that

E[ZilogT (Z)] < o0
» the displacements are iid copies of X

» M, = the position of the rightmost particle
» P*[-] = P[- | NON — EXT]



light tails IE [exp{e|X|}] < oo for some ¢ > 0
Mn — cin — calog(n) =9 Fy(x) = E* [exp{—cDe *}]
[Biggins ‘76][Hammersley ‘74][Kingman 75][Hu & Shi ‘09][Aidékon ‘13]
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regularly varying tails P[X > t] ~ t#, >0
m~"FM, -9 Fr(x) = E* [exp {—ch‘ﬁH
[Durrett ‘83]

BRW with regularly varying tails with index -2
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Theorem ([N. Gantert ‘00])
Take X such that EX = 0, EX2 =1 and

P[X > 1] ~e A0 R(t)=1t4(t), re(0,1).
l(ct) ~ £(t). Putd, = R~"(log(m)n)
Mn/dn — 1

Remark
dn = n'/"04(n)

> if R(t) = t', then d, = (log(m))'/"n'/"
> if R(t) = t" log(t) then d, ~ (rlog(m)n/log(n))'/"
> if R(t) = t" loglog(t) then dj, ~ (rlog(m)n/ loglog(n))'/"



R(t) =t
Mn/n'/" — log(m)'/"

Theorem ([D, Gantert & Hoéfelsauer 20])
IFR(t) = t" then for x > log(m)'/",

—1; logIP[M,, > xn'/"] — (x" —log(m))

1
- Elogl[’[X > xn'/" = x"



{Zn}n - Galton-Watson. If P[Z; > 2] < 1,

%Iog]P*[Zn =k| = —p=—logE[Z;g" ]

q = P[EXT].
Theorem ([D, Gantert & Hoéfelsauer ‘20])

IfR(t) = t" and X £ —X, then for x € (0,log(m)'/7),

1
- Elog]P[Mn <xn'"] =

k*(log(m)'/" — x)’ P[z > 2] =
{ infrefo,..] {to + (1 = )"/ Tlog(m)"/" —x)"}  P[Z; > 2] <1

k* = min{k : P[Z = k] > 0}.



Theorem ([D, Gantert ‘22+])
Take X such thatEX = 0, EX? =1 and

P[X > 1] ~e A0 R(t)=1t4(t), re(0,1).
Putd, = R~'(log(m)n). Then there exists T, ~ nR'(d,)/2 such that

Mnfdnan

R —9 F(x) = E [exp { —yWe ™ }]

where W is a martingale limit associated with the underlying
Galton-Watson process and y > 0.

Remark
dyp = n""ty(n), 1/R (dp) = n"/""s(n), Ty = n?~/"43(n)



stretched exponential tails IP[X > t] ~ e~ A1), R(t) = t"4(t), r < 2/3.

BRW with stretched exponential tails with r=1/3
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stretched exponential tails P[X > t] ~ e~ A, R(t) = t"4(t), r > 2/3.

positions

BRW with stretched exponential tails with r=3/4
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Xy, y € Tiid
Forx € T,

M, = max V(x)

|x|=n



P[X > t] ~e A R(t) =t4(t), re(0,1).
Sn:X‘]+X2+...Xn,dn:n1/r£1(n).

Theorem ([Nagaev ‘69], [Denisov, Dieker, Shneer ‘08])
Ifr <2/3,
P[S, > dp+ z] ~ nPP[X > dy + Z]

uniformlyinz € I, = .. ..

Remark

P[X >t+x/R(t)| X >t = e~
If X > dpthen X —d, < 1/R'(dy) = n'/" s (n),
If Sp > dp then X* = maxx<, Xk > dy and so
X* —dy < 1/R'(dp) = n"/"""45(n)
Sn X"+ S
Sp_q = nl/2



P[X > t] ~e A R(t) =t4(t), re(0,1).
Sn:X‘]+X2+...Xn,dn:n1/r£1(n)

Theorem ([Nagaev ‘69], [D, Gantert ‘22+])
Ifr € (0,1), the uniformly in z € Iy,

I[)[Sn > dn +Z] ~ ne_l(d”+z)

I(dph+2) = seiPofﬂ{R(dn +z—nK'(s))+ n(sK'(s) — K(s))}



R g .
ki =0, k=E[X]— (I,>kj_,-1E[x']

Lay o 2—r
K(x) = Ty, K=
(x) /;j! 1—r

Theorem ([Nagaev ‘69], [D, Gantert ‘22+])
Ifr > 2/3, the uniformly in z € I,

P[S, > dy+ 2] ~ ne”!(@+2)
I(dn+2) = Seiﬂ)fﬂ{/?(dn +2z—nK'(s)) + n(sK'(s) — K(s))}

Remark
If E[e1X]] < oo for some & > 0, then for 17(s) = log E[eS¥]

P[S, > 1/(s)n] ~ } exp {n(1(s) — s17'(s))}



Theorem ([Nagaev ‘69], [D, Gantert ‘22+])
Ifr > 2/3, the uniformly in z € I,

P[S, > dn+ 2] ~ ne!(dh+2)

I(dnh+z) = seiﬂ)fﬂ{R(dn +2z—nK'(s)) + n(sK'(s) — K(s))}

P[Sp > dn + 2] ~ P[X* > dp+ z — nK'(s*)]P[S,_1 > nK'(s%)]

S* ~ R/(dn +Z)



V(x) = Ri(x) + Vo(x) + N(x) + Ra(x)
~ Vo(x) + N(x)



My =~ rpea").({vo(x) + N(x)}

= dy+ 1+ H/F?/<dn>

F,”(dn)(mxax N(x)—dp) =9 H 2 Elexp{—yWe™*}]

R (dn)(Mp — dn — Tn) =9 H 2 Elexp{—7We*}]
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- Poisson point process with intensity e~ *dx

A ; Tkdy, —1og(yw) € Mp(—=00, +-c0]

18
P[Ty = k] = =) m 'P[Z = K|
T i=o



{ ¥k }k - Poisson point process with intensity e *dx
1
A=) Tidyogiyw)  PITi=K =) m Pz =k
k i=0

Theorem ([D, Gantert ‘22+-])
Take X such thatEX = 0, EX2 =1 and

P[X > t] ~e A R(t) =t4(t), re(0,1).

Put d, = R~'(log(m)n). Then there exists T, ~ nR'(dp)/2 such that



{ ¥k }k - Poisson point process with intensity e *dx

18
A= L Tidyiogtw)  PITi =K =2 2”’ 'P(Z; = K]
i=

N
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AZ Y Ay —log(m)
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A from the position of the rightmost particle 4
Z
Y Ay from the position of the rightmost particle
k=1
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