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f = f (t , x , v), t > 0 x , v ∈ R3

f (t , x , v) = f (0, x − tv , v)

∂t f + v · ∇x f = 0
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f = f (t , x , v), x , v ∈ R3,

∂t f + v · ∇x f = Q(f , f )

Q(f , f )(v ′) =
1

4π

∫
R3

∫
S2

f (v)f (v∗)J − f (v ′)f (v ′
∗)dv∗dω

J =
1
e2

|v − v∗|
|v ′ − v ′

∗|
f = f (t , v), v ∈ R

Q(f , f ) = Q+(f , f )− f

∫
ψ(v)Q+(f , f )(v)dv = E

[∫ ∫
ψ(A1v + A2v∗)f (v)f (v∗)dvdv∗

]
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f = f (t , v), v ∈ R

∂t f + f = Q+(f , f )∫
ψ(v)Q+(f , f )(v)dv = E

[∫ ∫
ψ(A1v + A2v∗)f (v)f (v∗)dvdv∗

]
F. Bassetti and L. Ladelli, Self-similar solutions in one-dimensional
kinetic models: A probabilistic view, Ann. Appl. Probab. 22 (2012),
no. 5, 1928–1961.

K. Bogus, D. Buraczewski, and A. Marynych, Self-similar solutions of
kinetic-type equations: the boundary case, Stoch. Proc. Appl. 130
(2020), no. 2, 677–693.

D. Buraczewski, K. Kolesko, and M. Meiners, Self-similar solutions to
kinetic-type evolution equations: beyond the boundary case, Electron.
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f = f (t , v), v ∈ R

∂t f + f = Q+(f , f )∫
ψ(v)Q+(f , f )(v)dv = E

[∫ ∫
ψ(A1v + A2v∗ + C)f (v)f (v∗)dvdv∗

]
F. Bassetti, L. Ladelli, and G. Toscani, Kinetic models with randomly
perturbed binary collisions, J. Stat. Physics 142 (2011), no. 4,
686–709.

D. Buraczewski, P. D, and A. Marynych. Solutions of kinetic-type
equations with perturbed collisions. Stochastic Processes and their
Applications 159 (2023): 199-224.
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f = f (t , v), v ∈ R

∂t f + f = Q+(f , f )∫
ψ(v)Q+(f , f )(v)dv = E

[∫ ∫
ψ(A1v + A2v∗ + C)f (v)f (v∗)dvdv∗

]

φt(ξ) =
∫

R
eivξ f (t , v)dv

∂t φt + φt = Q̂+(φt , φt)

Q̂+(φt , φt)(ξ) = E
[

φt(A1ξ)φt(A2ξ)eiξC
]
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∂t φt + φt = Q̂+(φt , φt)

Q̂+(φt , φt)(ξ) = E
[

φt(A1ξ)φt(A2ξ)eiξC
]

If φt(ξ) → φ∞(ξ), then

φ∞(ξ) = Q̂(φ∞, φ∞)(ξ) = E
[

φ∞(A1ξ)φ∞(A2ξ)eiξC
]

φ∞(ξ) = E[eiξW ]

W d
= A1W1 + A2W2 + C
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If φt(eαt ξ) = wt(ξ) → w∞(ξ), then

∂twt − ξα∂ξwt + wt = Q̂eαt (wt ,wt) = E
[
wt(A1ξ)wt(A2ξ)eiξeαt C

]
α < 0

−ξα∂ξw∞ + w∞ = Q̂0(w∞,w∞) = E [w∞(A1ξ)w∞(A2ξ)]

w∞(ξ) =
∫ 1

0
Q̂0(w∞)(s−αξ)ds = E

[
w∞(U−αA1ξ)w∞(U−αA2ξ)

]
w∞(ξ) = E[eiξW ]

W d
= U−αA1W1 + U−αA2W2
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∂t φt + φt = Q̂+(φt , φt) = E
[

φ(A1ξ)φ(A2ξ)eiξC
]

φt = e−t φ0 +
∫ t

0
e−sQ̂+(φt−s, φt−s)ds

φt(ξ) = E
[
1{E>t}φ0(ξ) + 1{E≤t}eiξC φt−E (A1ξ), φt−E (A2ξ)

]
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T2 - infinite binary tree. {(A1(v),A2(v),C(v)}v∈T2 iid

∅

∂Tt = {nodes active at time t} Tt = {nodes inactivated by time t}

L(v) = ∏{A’s along the path [∅, v ]}
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∂Tt = {nodes active at time t} Tt = {inactive nodes}

L(v) = ∏{A’s along the path [∅, v ]}

φ0(ξ) = E
[
eiξX

]
Wt = ∑

v∈∂Tt

L(v)X (v) + ∑
v∈Tt

L(v)C(v)

on {∅ ∈ Tt}

∑
v∈∂Tt

L(v)X (v) = A1(∅) ∑
1≤v∈∂Tt

L(v)
A1(∅)

X (v) + A2(∅) ∑
2≤v∈∂Tt

L(v)
A2(∅)

X (v)

∑
v∈Tt

L(v)C(v) = C1(∅)+A1(∅) ∑
1≤v∈Tt

L(v)
A1(∅)

C(v)+A2(∅) ∑
2≤v∈Tt

L(v)
A2(∅)

C(v)
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Wt = ∑
v∈∂Tt

L(v)X (v) + ∑
v∈Tt

L(v)C(v) = red area + green area

A1 = U2, A2 = (1 − U)2, C = U(1 − U), X = 1.
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Wt = ∑
v∈∂Tt

L(v)X (v) + ∑
v∈Tt

L(v)C(v)

φt(ξ) = E
[
eiξWt

]
φt+h(ξ) = E[1{ no splits during [0, h] }φt(ξ)]+

E
[
1{one split during [0, h]}φt(A1ξ)φt(A2ξ)eiξC

]
+ o(h)

= e−h φt(ξ) + hQ̂(φt)(ξ) + o(h)

(φt+h − φt)/h = −φt(1 − e−h)/h + Q̂(φt) + o(1)

∂t φt + φt = Q̂+(φt , φt)
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φt+h(ξ) = E[1{ no splits during [0, h] }φt(ξ)]+

E
[
1{one split during [0, h]}φt(A1ξ)φt(A2ξ)eiξC

]
+ o(h)

= e−h φt(ξ) + hQ̂(φt)(ξ) + o(h)

(φt+h − φt)/h = −φt(1 − e−h)/h + Q̂(φt) + o(1)
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(Πn)n∈N - multiplicative random walk

λ(α) = logE [Aα
1 + Aα

2]

E[h(Π1)] = e−λ(α)E [Aα
1h(A1) + Aα

2h(A2)]

E

[
∑

v∈∂Tt

f (L(v))

]
= E

[
Π−α

Nt
eλ(α)Nt f (ΠNt )

]
(Nt)t - homogeneous Poisson process

E

[
∑

v∈∂Tt

L(v)γ

]
= etΦ(γ), Φ(γ) = E[Aγ

1 + Aγ
2 ]− 1
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Mt(γ) = e−tΦ(γ) ∑
v∈∂Tt

L(v)γ

s < t

E[Mt |Fs] = e−tΦ(γ) ∑
u∈∂Ts

L(u)γE

[
∑

u≥v∈∂Tt

(L(v)/L(u))γ

∣∣∣∣∣Fs

]

= e−tΦ(γ) ∑
u∈∂Ts

L(u)γE

[
∑

u≥v∈∂Tt

(L(v)/L(u))γ

]
= e−tΦ(γ) ∑

u∈∂Ts

L(u)γe(t−s)Φ(γ) = Ms

Mt(γ) → M∞(γ)
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Mt(γ) = e−tΦ(γ) ∑
v∈∂Tt

L(v)γ

∑
v∈∂Tt

L(v)X (v)

γ ∈ (0, 1) ∪ (1, 2) (E[X ] = 0 if γ > 1)

P[X > t ] ∼ c+t−γ and P[X < −t ] ∼ c−t−γ

e−tΦ(γ)/γ ∑
v∈∂Tt

L(v)X (v)

= Mt(γ)
1/γ ∑

v∈∂Tt

L(v)
(∑s∈∂Ts

L(v)γ)1/γ
X (v) → M1/γ

∞ · Lγ
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γ ∈ (0, 1) ∪ (1, 2) (E[X ] = 0 if γ > 1)

P[X > t ] ∼ c+t−γ and P[X < −t ] ∼ c−t−γ

log φ0(ξ) = logE
[
eiξX

]
= −k0ξγ(1 − iη0 tan(πγ/2)sign(ξ)) + o(|ξ|γ)

= log g(ξ) + o(|ξ|γ).

k0 =
(c+ + c−)π

2Γ(γ) sin(πγ/2)
, η0 =

c+ − c−

c+ + c−

E

[
exp

{
∑

v∈∂Tt

iξL(v)X (v)

}]
= E

[
exp

{
∑

v∈∂Tt

log φ0(L(v)ξ)

}]

= E

[
exp

{
∑

v∈∂Tt

−k0L(v)γξγ(1 − iη0 tan(πγ/2)sign(ξL(v)))

}]
= E[g(Mt(γ)

1/γetΦ(γ)/γξ)]
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∑
v∈Tt

L(v)C(v)

(Πn)n∈N - multiplicative random walk, (Nt)t - homogeneous Poisson
process

E

[
∑

v∈Tt

g(C(v), L(v))

]
= E

[
Nt−1

∑
k=0

M−α
k eλ(α)k g(Mk ,C)

]

In particular if E[C] = 0,

E

(∑
v∈Tt

L(v)C(v)

)2
 = E

[
∑

v∈Tt

L(v)2C(v)2

]
= E[C2]

etΦ(2) − 1
Φ(2)
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e−tΦ(2)/2 ∑
v∈Tt

L(v)C(v)

= e−tΦ(2)/2 ∑
v∈Ts

L(v)C(v) + e−tΦ(2)/2 ∑
u∈∂Ts

∑
u≤v∈Tt

L(v)C(v)

= o(1) + e−tΦ(2)/2 ∑
u∈∂Ts

L(u) ∑
u≤v∈Tt

L(v)
L(u)

C(v)

= (1 + o(1))N
(

0, e−sΦ(2) ∑
u∈∂Ts

L(u)2E[C2]/Φ(2)

)
= (1 + o(1))N

(
0,M∞(2)E[C2]/Φ(2)

)
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Theorem (Buraczewski, D, Marynych, 2023)

Consider φ0(ξ) = E[eiξX ], A1,A2 > 0

∂t φt(ξ) + φt(ξ) = Q̂+(φt , φt)(ξ) = E
[

φt(A1ξ)φt(A2ξ)eiξC
]

Then

P[|X | > t ] ∼ (c+ + c−)t−γ, E[|C|1+δ] < ∞, Φ(1) > 0,
Φ′(1)− Φ(1) < 0

φt(e−Φ(γ)t/γξ) → E
[
e−k0L(v)γM∞(γ)ξγ(1−iη0 tan(πγ/2)sign(ξ))

]
E[C] = E[X ] = 0,E[C2],E[X 2] < ∞, Φ(2) > 0, 2Φ′(2)− Φ(2) < 0

φt(e−µ(2)t/2ξ) → E
[
exp

{
−ξ2M∞(2)(E[X 2] + E[C2]/Φ(2))/2

}]
E[|C|1+δ],E[|X |1+δ] < ∞, Φ(1) < 0, Φ′(1)− Φ(1) < 0

φt(ξ) → E[eiξC∞ ], C∞
d
= A1C(1)

∞ + A2C(2)
∞ + C

Piotr Dyszewski (Uniwersytet Wrocławski) Kinetic-type equations with perturbed collisions 22 / 22


