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f=f(txv),t>0xveR?

f(t,x,v) =f(0,x —tv,v)

atf+V'va:0
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v, v, € R®

Vs v’\{
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v, v, € R®

Vs v’\{

V[ + VIE = V2 = |2 = ==

e € (0, 1] is the restitution coefficient
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v, v, € R®

V+v, =v+v
’2 12 2 2 1-¢€ 2
VI vl® = V" = " = === (v = %) - w]" < 0
e € (0, 1] is the restitution coefficient
1 1—e 1+e
v’zé(v+v*)——4e (v—v)+ P vV — vi|w
1 1—e 1+e
vi:§(v+v*)+Te(v—v*)+ P |V — vi|w
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f=f(txv),x veRS

Af + v Vif = Q(f,f)
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f=f(txv),x veRS

Af + v Vif = Q(f,f)

Q. HV) = 4= /]R /5 — (V) F(V)dvedew

1 |v— v

J= i
2lv—v
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f=f(txv),x veRS

Af + v Vif = Q(f,f)

Q. HV) = 4= /]R /5 — (V) F(V)dvedew

1 |v— v

J=—
2lv—v

f=1f(tv),veR
Q(f,f) = Q. (f.f)—f

/lP(V)Q+(f, f)(v)dv =E [//1/}(A1v—{—Agv*)f(v)f(v*)dvdv*
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f=f(tv),veR
Af +f=Qu(f,f)

/gb(v)Q+(f, f)(v)dv =E [//w(mv—i—Agv*)f(v)f(v*)dvdv*
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f=f(tv),veR
Af +f=Qu(f,f)

/¢(V)Q+(f, f)(v)dv =E [//1/1("“ v+ A, + C)f(v)f(vi)dvdv,
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f=f(tv),veR
of +f= Q. (f 1)

/¢(V)Q+(f, f)(v)dv =E [//1/1('41 v+ A, + C)f(v)f(vi)dvdv,
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f=f(tv),veR
oif + = Qu(f,f)

/¢(V)O+(f, f)(v)dv =E [//w(m v+ Azvi + C)f(v)f(v*)dvdv*]

@t(¢) :/Re""‘if(t, v)dv

dpr+ @1 = Qi (@1, 1)
aﬁ-(got' ¢t)(¢) =E [fPt(A1 ‘f)ﬁl’t(/\zé)e"éc}

Piotr Dyszewski (Uniwersytet Wroctawski)  Kinetic-type equations with perturbed collisions 8/22



At + ¢t = Qi (91, 1)
Q (¢ g:1)(§) =E [(Pt(A1 g)?t(Azé)e"CC}
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8t§0t + Pt = @(¢h (Pt)
Qi (91, 91)(§) = E [(Pf(A1€)(Pt(A2€)eiCC}
If 9¢(5) = @oo(), then

9oo(8) = Q@ 92)(2) = E | 9o (A1) 9 (428) € |
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8t§0t + Pt = @((Ptr (Pt)
Qi (91, 91)(§) = E [(Pf(A1§)(Pt(A2§)ei€C}
If 9¢(5) = @oo(), then

9oo(8) = Q@ 92)(2) = E | 9o (A1) 9 (428) € |

oo (C) = E[e"]
WL AW, + AWo + C
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If ¢¢(e*'&) = wi(&) = weo(E), then
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If ¢¢(e*'&) = wi(&) = weo(E), then

otwr — Cadz Wi + wy = E)em(w,, wy) = E {Wt(A1C)Wt(A2§)e"56MC}
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If ¢¢(e*'&) = wi(&) = weo(E), then
atWt - g“a§Wt +w = aeat(Wt, Wl‘) = |:WI(A1(:)Wt(A2€)ei§eMC:|
x <0

— 0z Woo + Woo = Qo(Weo, Weo) = IE [Weo (A1E) Weo (A2E)]
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If 9r(618) = wi(&) — Weo(£), then
atWt - g“a§Wt +w = aeat(Wt, Wl‘) = |:WI(A1(:)Wt(A2(:)ei§eMC:|
a <0

—ERDWoo + Weo = Qo(Weo, Weo) = IE [Weo (A18) Weo (A2()]
o (©) = | Qo) (57€)ds = [ (U Ard) e (U~ )

Weo(8) = E[e W]
W2 USA W, + U A W
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it 9= Qi (pug0) = E [p(Ai) p(Aef) |
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it 9= Qi (pug0) = E [p(Ai) p(Aef) |

t ~
¢t =e "po +/0 e ° Q. (pr—s, pr—s)ds

¢:(¢) =E [ﬂ{E>t}¢0(§) + Lie<ny € Cor e(AQ), fl’t—E(AzC)}
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T - infinite binary tree. {(A1(v), A2(v), C(V)}ver, iid

o
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T - infinite binary tree. {(A1(v), A2(v), C(V)}ver, iid

C(?)
A1(D) Ax(D)
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T - infinite binary tree. {(A1(v), A2(v), C(V)}ver, iid

121

d7; = {nodes active attime t}  7; = {nodes inactivated by time ¢}
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T - infinite binary tree. {(A1(v), A2(v), C(V)}ver, iid

121

d7; = {nodes active attime t}  7; = {nodes inactivated by time ¢}

L(v) =] [{A’s along the path [@, v]}
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d7; = {nodes active attime t} ~ 7T; = {inactive nodes}

L(v) =] [{A’s along the path [, v]}

¢o(¢) = E [e"gx}

Wi= Y L(v)X(v)+ Y L(v)C(v)

vedT; veT;
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d7; = {nodes active attime t} ~ 7T; = {inactive nodes}

L(v) =] [{A’s along the path [, v]}

¢o(¢) = E [e"gx}

Wi= Y L(v)X(v)+ Y L(v)C(v)

veaT; veT;
on {@ € T;}
B L(v) L(v)
veza'ﬂ HOX) = AM(E) 1<veor; A1(2) X()+ Ael2) 2<veor; #2(@) )
B L(v) L(v)
L LICt) = Gl@)+4(0) T 2500 +A4@) T 255
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W;= ) L(v)X(v)+ ) L(v)C(v) = red area + green area
vedT; veT;

Al=U% A =(1-U? Cc=U1-U), X=1.
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Wi= ) L(VX(v)+ ) L(V)C(v)

veadT: veT:

¢t(¢) =E {e"éw’]

Pr+n(8) = E[1{ ho splits during [0, h] }91(&)]+
E [ﬂ{one split during [0, h]}q’f(A@)(Pt(Azg)eigC} + o(h)
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W= ) L(v)X(v)+ ) L(v)C(v)

vedT; veT;

¢t() = E {eicw’]
¢t+n(¢) = E[L{ no splits during [0, h] }9t(8)]+

E [ﬂ{one split during [0, h]}q’f(A@)(Pt(Azg)eigC} + o(h)
= e "pi(&) + hQ(91)(Z) + o(h)
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W= ) L(v)X(v)+ ) L(v)C(v)

vedT; veT;

¢:1(¢) = E {eicw’]

¢t+n(¢) = E[L{ no splits during [0, h] }9t(8)]+
E [ﬂ{one split during [0, h]}q’f(A1 C)(Pf(’%g)eigc} +o(h)
= e "pi(§) + hQ(¢1) (Z) + o(h)

(Prrn— i) /h=—qi(1—e ) /h+ Q(g;) + 0(1)
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W= ) L(v)X(v)+ ) L(v)C(v)

vedT; veT;

¢:1(¢) = E {eicw’]

¢t+n(¢) = E[L{ no splits during [0, h] }9t(8)]+
E [ﬂ{one split during [0, h]}q’f(A1 C)(Pf(’%g)eigc} +o(h)
= e "pi(§) + hQ(¢1) (Z) + o(h)

(Prrn— i) /h=—qi(1—e ) /h+ Q(g;) + 0(1)

0@t + @t = éjr((Pt: ¢t)
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(I1p) e - multiplicative random walk
Ala) = log E [A} + AS]

E[A(IT)] = e MWE [A{h(A)) + ASh(Ap)]

Piotr Dyszewski (Uniwersytet Wroctawski)  Kinetic-type equations with perturbed collisions 16/22



(I1p) e - multiplicative random walk
Ala) = log E [A} + AS]

E[A(IT)] = e MWE [A{h(A)) + ASh(Ap)]

E| ) f(L(v)

_E [Hﬁf‘e)‘(“)N’f(HN,)}
ved Ty

(N¢)¢ - homogeneous Poisson process

E

ved Ty
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Mi(y) = e 0 Y L(v)"
vedT;

s<t

E[M|Fs]=e """ Y LW)E| ) (L(v)/L()"

uedTs u>vedT;

.
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Mi(y) = e 0 Y L(v)"
vedT;

s<t

E[M|Fs] = e " Y L(u)"E
uedTs

Y, (Lv)/L(w)"

u>veaT;

.

)3 (L(V)/L(U))”’]

u>veaT;

=e M Y L(u)E
uedTs
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Mi(y) = e 0 Y L(v)"
vedT;

s<t

E[M|Fs] = e " Y L(u)"E
uedTs

Y, (Lv)/L(w)"

u>veaT;

.

)3 (L(V)/L(U)V]
u>veaT;

— g~ t®(7) 2 L(u)7elt=91®() = pq
ueadTs

=e M Y L(u)E
uedTs
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Mi(y) = e 0 Y L(v)"
vedT;

s<t

E[M|Fs] = e " Y L(u)"E
uedTs

Y, (Lv)/L(w)"

u>veaT;

.

)3 (L(V)/L(U))”’]

u>veaT;

— g~ t®(7) 2 L(u)7elt=91®() = pq
ueadTs

Mi(7) — Moo ()

=e M Y L(u)E
uedTs
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veadT;
v €(0,1)U(1,2) (E[X] =0ify > 1)

PX>tl~c't™” and PX<—t]~c t?
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Y, L(v)X(v)

veadT;
v €(0,1)U(1,2) (E[X] =0ify > 1)

PX>tl~c't™” and PX<—t]~c t?

e 1)/ Yo L(v)X(v)
veadT:

S IC NI D T VLRV

veaT; (ZseaTS L(v)n)t/v
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v €(0,1)U(1,2) (E[X] =0ify > 1)
PX>t]~c't?? and PX<—t]~c t 7

l0g 9o (&) = log I [¢X]
= —koC"(1 — ino tan(rry/2)sign(¢)) + o(||")

= log g(&) + o(|¢]").

(ct+c ) _ct—c
2T'(y)sin(my/2)' o= ot e

ko =
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v €(0,1)U(1,2) (E[X] =0ify > 1)
PX>t]~c't?? and PX<—t]~c t 7

l0g 9o (&) = log I [¢X]
= —koC"(1 — ino tan(rry/2)sign(¢)) + o(||")
= logg(&) + o(|&]").
(C+—|-C_)7T ct—c

ko = 2T'(y)sin(my/2)' o= ot e

E

exp{ ) igL(v)x(v)}

veadT;
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v €(0,1)U(1,2) (E[X] =0ify > 1)
PX>t]~c't?? and PX<—t]~c t 7

log 9o (&) = log E [e"gx}
= —hkoG"(1 = ino tan(7ry/2)sign(¢)) + o(|¢]")
= log g(&) + o(|¢]").
(ct+c ) ct—c
2T (7y) sin(mty/2)’ o= ot i e

exp{ Y log go(L )}]
veaT;

ko =

E

exp{ ) igL(v)x(v)}

veadT;
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v €(0,1)U(1,2) (E[X] =0ify > 1)
PX>t]~c't?? and PX<—t]~c t 7

log 9o (&) = log E [e"gx}
= —hkoG"(1 = ino tan(7ry/2)sign(¢)) + o(|¢]")
= log g(&) + o(|¢]").
(ct+c ) ct—c
2T (7y) sin(mty/2)’ o= ot i e

exp{ Y log go(L )}]
veaT;
exp{ Z —koL(v)7¢7(1 —ino tan(n'y/Z)Sign(gL(v)))}]

veadT;

ko =

E

exp{ ) ich(v)x(v)}

veadT;

=E
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v €(0,1)U(1,2) (E[X] =0ify > 1)
PX>t]~c't?? and PX<—t]~c t 7

log 9o (&) = log E [e"gx}
= —hkoG"(1 = ino tan(7ry/2)sign(¢)) + o(|¢]")
= log g(&) + o(|¢]").
(ct+c ) ct—c
2T (y)sin(mty/2)’ o= ot i e

exp{ Y log go(L )}]
veaT;
exp{ Z —koL(v)7¢7(1 —ino tan(n'y/Z)Sign(gL(v)))}]

veadT;

— Elg(M(7)"/ 7!/ 77)]
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Y L(v)C(v)

veT;
(IT,) nen - multiplicative random walk, (N;); - homogeneous Poisson
process

Y 9(C(v), L(v Nf M * ek g(My, C)

veT;
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Y L(v)C(v)

veT;

(IT,) nen - multiplicative random walk, (N;); - homogeneous Poisson
process

Y. g(C(v), L(v

veT;

Z M,k g(My, c)]

In particular if E[C] = 0,

2
E |:<V; L(v)C(v))
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e @2 ¥ [ (v)C(v)
veT:
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e @2 ¥ [ (v)C(v)
veT:

=e @2 Y [(v)C(v)+e B2 Y Y L(v)C(v)

veTs ucdTs u<veT;
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e @2 ¥ [ (v)C(v)
veT:
=e @2 Y [(v)C(v)+e B2 Y " 1(v)C(v)
veTs ucdTs u<veT;

=o(1)+e @2 Y [(u) ¥, mcm

uedTs u<veT;
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e @2 ¥ [ (v)C(v)
veT:
=e @2 Y [(v)C(v)+e B2 Y " 1(v)C(v)
veTs ucdTs u<veT;

=o(1)+e @2 ¥V [(u) Y mcm

uedTs u<veT;

= (1+0(1))N (o, e 5@ Y L(u)21E[02]/q>(2)>

ueaTs
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e @2 ¥ [ (v)C(v)
veT:
=e @2 Y [(v)C(v)+e B2 Y " 1(v)C(v)
veTs ucdTs u<veT;

=o(1)+e @2 ¥V [(u) Y mcm

uedTs u<veT;

= (1+0(1))N (o, e 5@ Y L(u)21E[02]/q>(2)>

ueaTs
= (1+0(1))N (0, Mw(2)E[C?]/®(2))
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Theorem (Buraczewski, D, Marynych, 2023)
Consider @ (&) = E[e/%X], A1, A2 > 0

pi(8) + 9e(&) = i (91, 9 (2) = E [pu( M) gu(A8) |

Then
o P[|X|>1t]~ (cyr+c)t7, IE[|C\1+5] < 00, (1) >0,
d'(1)—d(1) <0

oM7) L E [e—koL(V)Woo(v)éW—fﬂotan(m/Z)sign(é))}
e E[C] = E[X] = 0, E[C?], E[X?] < o0, ®(2) > 0, 20/ (2) — P(2) < 0
pi(e M PN2E) - T [exp { —E"Meo (2) (E[X?] + E[C?]/®(2)) /2}]

e E[|C|"*], E[|X|"*°] < oo, ®(1) < 0, d'(1) —P(1) <0

o1(&) = E[6%%],  Co £ ACY + 4,02 + ¢
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