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Abstract

We study a class of kinetic-type differential equations d¢; /0t + ¢ = §¢,, where 2 is an
inhomogeneous smoothing transform and, for every 1 > 0, ¢; is the Fourier-Stieltjes transform of
a probability measure. We show that under mild assumptions on 2 the above differential equation
possesses a unique solution and represent this solution as the characteristic function of a certain stochastic
process associated with the continuous time branching random walk pertaining to 2. Establishing limit
theorems for this process allows us to describe asymptotic properties of the solution, as t — o0.
© 2023 Elsevier B.V. All rights reserved.
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1. Introduction

The article is devoted to the study of generalized kinetic-type equations of the form
{ v, = 2(v) — vy,

Vo = V3

(1.1)

where (1;);>0 is a family of probability measures on R. The derivative with respect to the
time parameter ¢ is understood in the weak sense, that is, d,v; is a signed measure such that
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% fg(y)vt(dy) = fg(y)alvt(dy), for every bounded continuous g : R — C. The operator 2
on the right-hand side is a smoothing transform defined in the following fashion. For a given
random vector of coefficients (N, C, Ay, Ay, ...) taking values in {0, 1,2, ...} x R x (0, oo)N
and a probability measure v on R, take a sequence of independent identically distributed (i.i.d.)
random variables Yy, Y5, ... with common distribution v which are also independent of the
vector (N, C, Ay, Az, ...). The image 2(v) is then defined by

N
9(v) = Law (Z ALYy + c) :
k=1
where Law(X) denotes the law of a random variable X.

The equations of the form (1.1) originate from the Boltzmann equation. In the Kac caricature
of a Maxwell gas [22], v, is the distribution of velocity of a typical particle in a homogeneous
gas exposed to elastic binary collisions. This model corresponds to the choice of parameters
N=2,C=0, (A, Ay) = (sin O, cos ©), with O being a random variable with the uniform
distribution on [0, 27r]. The term 2(v,)—v, on the right-hand side of (1.1) describes the change
in the velocity after a binary collision. Observe that here A; and A, are not positive, which
is the standing assumption for the present work. However, it is known that one can reduce
the Kac’s model to a model with positive coefficients and a symmetric initial condition; see,
for example, footnote on p. 2 in [13]. The inelastic version of the caricature, that is, when
IE[A% + A%] # 1, has been introduced in [28] and studied later in [6]. Eq. (1.1) in the
general form involving the smoothing transform appears for the first time in [5], where the case
P[C =0] =1 and N = 2 was investigated. In [5] it was also explained how various kinetic
equations developed for describing market economy [24,25] fit into the above framework. The
perturbed case P[C = 0] < 1, to the best of our knowledge, was introduced and studied only
in [7] in the binary case N = 2.

The classical choice N = 2 is in general motivated by physical applications where it is
natural to assume that every collision involves just two particles. Nevertheless, the case of
non-binary collisions, that is, when P[N = 2] < 1, being of interest from a mathematical
viewpoint, has also received some attention in the literature. The case of deterministic N > 2
has been treated in the papers [4,11,12], whereas in the recent work [13] the variable N is
also allowed to be random. In all aforementioned references (except [7]) it is assumed that
P[C = 0] = 1. Besides pure mathematical interest, a motivation for the analysis of kinetic
equations of the form (1.1) in a general situation of random N and non-vanishing C arises in
connection with models for wealth redistribution in econophysics. We hinge on approach and
terminology borrowed from [7,10,13] and consider a class of models with indistinguishable
trading agents. The kth agent state is characterized by his current wealth w; > 0. Unlike in
physical applications, it is natural to assume that interactions (trades) may involve a random
number N of agents. Conditional on the event {N = n}, n € N, an interaction has the form

n
w::Zpk,jwj'i_ckv k=1,...,n,
j=1
where wy (respectively, wy) is the pre-trade (respectively, post-trade) wealth of the k-the agent
participating in the interaction. Here the coefficients p; ; are assumed to be random and
represent the redistribution of the wealth between agents, whereas c; represents, say, taxation
operated by an external subject. This model is described by (1.1) with the following distribution
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of parameters:

1 n
PIU(C, A1, Ay, s Ag) €N =n]=— Plc, pits o pea) €1 n=0,1,2,....
k=1
Our aim is to provide robust probabilistic tools to study asymptotic properties of the
solutions to (1.1). For convenience, we shall formulate and prove our main results in the terms
of the characteristic functions of (v;),>¢9 which will be denoted via

61(8) = b1, &) = / ¢y (dx), 120, £eR.

R
The relation (1.1) written in terms of (¢,);>o reads

0 () = Dy(§) — i (&),
{ ¢o(§) = ¢(8); (1.2)

where ¢(§) = fR €' p(dx) and 9 is the functional operator associated with the smoothing
transform 2. More precisely, for a continuous function ¢ : R — C taking values in the unit
disk {z € C : |z|| < 1} we define the function 2v :R — C via

N
2Y(E) =E [el‘fc I wAk@} . EeR (1.3)
k=1

In what follows we denote by R a generic random variable with the distribution v = vy, so
¢(§) = Ee'F.

We shall show below, see Theorem 2.1, that under mild assumptions on (N, C, A;, A, ...),
Eq. (1.2) for an arbitrary initial condition ¢, possesses a unique solution in the class of
functions

{ ¢ : [0, 00) x R +— C|¢(t, -) for every ¢t > 0 is the characteristic function of a
probability measure, ¢(-, £) € CV([0, oo) for every & € R } . (1.4)

Having settled uniqueness we then turn our attention to asymptotic analysis of this solu-
tion, as + — oo. Depending on a choice of the distribution of the vector of coefficients
(N, C, Ay, Ay, ...) we consider the two following scenarios.

In the first regime ¢,(§) — @oo(£), as t — o0, for some non-degenerate limit function ¢
and all £ € R. Then one expects that ¢, satisfies the stationary version of (1.2) that is

Do) = poo(€), E €R.

From the probabilistic point of view one would interpret ¢, as the Fourier—Stieltjes transform
a fixed point of the inhomogeneous smoothing transform 2. As verified by [7, Proposition 3]
in the case P[N = 2] = 1 and Theorem 2.6 of the present article for general N, ¢, is the
characteristic function of a random variable X which satisfies

N
Law(X) = Law <Z AcXy + c) ,

k=1

with (Xy)r>1 denoting independent copies of X which are also independent of the vector
(N,C, Ay, Ay, ..0).
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In the second scenario ¢, has a nondegenerate pointwise limit only after a suitable rescaling.
For some fixed «, 8 € R, consider a rescaled function

wi&) =¢ (¢ +DPeE), 1>0, EeR.

Note that the factor (z + 1)? instead of a more natural and asymptotically equivalent ## is taken
for convenience, since in this case wo(§) = ¢o(§) = ¢(€). For the sake of simplicity assume
for the time being that fR xv,(dx) < oo, for all ¢+ > 0. This condition ensures that the function
w, (&) is differentiable with respect to & for all + > 0, and Eq. (1.2) can be recast in terms of
(wy)r>0 as follows:

{ Brwy(€) — & (o + Bry) Bewi(®) = Zyy oo wi (§) — wy(6),
wo(€) = p(&).

Here ,@\s, for s > 0, denotes a rescaled smoothing transform obtained by replacing C with sC,
that is,

N
2,9@E) =E [e"“ [1 wwa] , tEeR
k=1
Suppose now that w,(§) — we(§), as t — oo, for an appropriate choice of o and 8 and a
nondegenerate limit w.,(£). Note that if C # 0 this is possible only if (t + 1)e* — 0, as
t — oo. Following [4,11] we can find a probabilistic interpretation of ws,. Using the partial
differential equation for (w,);>0 we see that w., ought to satisfy

P ~
—aé %woo(%-) = Dowoo(§) — weo(£). (1.5

It is worth noting that this equation does not depend on the value of 8. The probabilistic
interpretation becomes evident after rewriting the above relation as

1 N
Weol(§) = /0 Dowoo(s ™€) ds = E {1‘[ woo(L—“AkS)} ,
k=1

where L is distributed uniformly on (0, 1) and is independent of (N, Aj, A», ...). As verified
by our Theorems 2.8 and 2.9, w, is the characteristic function of a fixed point of the modified
homogeneous smoothing transform

N
k — Law (L_‘" ZAka) )
k=1

where (Xy)ren i a sequence of independent random variables with the common distribution
k, which are also independent of the vector (N, Ay, Ay, ...). It is worth noting that Eq. (1.5)
is homogeneous in the argument in the sense that if w, satisfies (1.5), then any function
of the form & — we(c§) also satisfies it, for ¢ € R. In order to characterize wy, it is
therefore important to find an appropriate boundary condition. As it is verified by our main
results the boundary condition for we, that is, the value of 9w, (0) depends on the interplay
between the initial condition ¢, the expectation E[C] and the generalized Laplace transform
s> E [Z,ILI A;(J

The main results of the present article show the convergence w;, — wy, for an appropriate
choice of « and S. We achieve that by finding a stochastic process W = (W,);>¢ such that ¢,
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is the characteristic function of W,, for every fixed ¢ > 0. The dynamics of such process can
be guessed from the integral form of (1.2) which reads

6:(8) = e~ do(E) + /0 e D¢, (E)s, EeR, 130,

Upon plugging the definition of 2 we can write, with E denoting a unit mean exponential
random variable independent of everything else,

N
¢(€&) =E [1{E>t}¢o(s> + Lig<ne© ]"[¢,E<Aks>} , EcR (1.6)
k=1
Therefore, the initial position Wy of the process W must have the characteristic function ¢y, and
after unit mean exponential amount of time the process is replaced by a sum of N independent
copies of itself rescaled by Aj’s and shifted by C. Naturally, the independent copies follow
the same dynamics. This in turn gives a hint that W should be driven by a continuous-time
branching process. We provide an in-depth construction of the process W in Section 2 very
much in the spirit of [12] where the case C = 0 has been considered. Note, however, that even
in this case our construction is new, since, unlike in [12], we allow N to be random.

We finish the introduction with a brief overview of yet another aspect of the analysis of
kinetic-type equations, namely to the problem of the propagation of chaos. A system comprised
of identical particles is called symmetric and chaotic with respect to some probability measure
w if, for every k € N, the first k components of the vector of their velocities converge in
distribution to u®*, as the number of particles tends to infinity. A peculiar result proved by
Kac in [22] is called propagation of chaos and states that if at time O a system of particles
exposed to elastic binary collisions is symmetric and chaotic with respect to an absolutely
continuous measure vy, then at time 7, for every ¢ > 0, it is again symmetric and chaotic with
respect to vy, the solution to (1.1). The question of whether a particular kinetic model exhibits
such a phenomenon has become classical, see, for instance [15,17,19,27,29] for more recent
results. Having mentioned that, we nevertheless shall not discuss these issues here in details,
since they go beyond the scope of our paper.

The article is organized as follows. In Section 2 we formulate our assumptions and present
the main results. In particular, we shall prove an existence and uniqueness result for the
solutions to (1.2) by constructing a process W which yields a probabilistic representation of
the solution to (1.2). The corresponding proof is given in Section 3. Many-to-one lemmas,
recalled in Section 4, will be utilized for showing the convergence of the stochastic process
W in Section 5. This in turn allows us to give short proofs of our main results in Section 6.
Throughout the paper we use the following notation. The Dirac measure at x € R is denoted

by 8,. Convergence (respectively, equality) in distribution is denoted by 4 (respectively, i).
The notation — stands for convergence in probability.

2. Main results

We shall first provide some further necessary notation and formulate precisely our assump-
tions. Then we proceed by giving the probabilistic representation for solutions to (1.2) using
a continuous-time branching random walk. In particular, this result yields that such solution
exists and is unique. Next, we shall formulate our main results on the asymptotic behaviour of
¢:, as t — oo.
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2.1. Existence and uniqueness

As mentioned in the introduction, ¢, solving (1.2) can be linked with a continuous-
time branching process which we shall now describe. In order to avoid an explosion in the
branching process, and thus in ¢, we shall impose the classical non-explosion hypothesis on
the distribution of N, see [21, Theorem V.9.1]:

1

d

f — & _ o for all sufficiently small & > 0. 2.1
1—e § — E[sV]

Note that E[N] < oo is sufficient for (2.1). In what follows we also assume that, given N, the

weights Ay, A, are a.s. positive and are not degenerate at 1. More precisely, we suppose that

for every m e N

P[A; >0,4,>0,...,4, >0N=m]=1 2.2)
and for some m such that P[N = m] > 0 it holds

Pl[Ai=1,A,=1,...,A, = 1IN =m] < 1. (2.3)
For the sake of transparency we shall further suppose that

E[N] € (1, oo], 24

which is the standard supercriticality condition and which ensures that our branching process
survives with a positive probability. Note that if E[N] < 1 then either P[N = 1] = 1 and the
branching is degenerate, or P[N = 1] < 1, E[N] < 1 and the process dies out with probability
one. The Eq. (1.1) in both cases can be treated using our methods.

We now turn our attention to the probabilistic interpretation of the solution to (1.2) which we
shall use to establish the existence and uniqueness result. We hinge on ideas presented in [12].
More precisely we shall work with a (marked) continuous-time branching random walk which
can be described in the following fashion. At time ¢+ = 0 one particle is placed at the origin
of the real line R. After a random amount of time, distributed according to the unit mean
exponential law, the particle splits into a random number N of new particles which are placed
at random points of R given by a point process

N
{=) 08z,  Zi=logA
k=1

From here each particle reproduces in exactly the same way independently from other particles.
In particular, the relative positions of particles with respect to their mother are distributed
according to a copy of ¢. Denote by Zo, € |, N", where N° := {&}, the (full) Galton—
Watson tree of the underlying population with the Ulam-Harris labelling, that is, we label
the root with @ and for each x € 9., we label its children with xi where 1 < i < N(x),
with N(x) denoting the number of children of x. For x, y € ., the notation y < x means
that y belongs to the unique path connecting & and x or, equivalently, y is an ancestor of
x. To model the dynamics of the process suppose that each vertex x € 5, is equipped with
(E(x), U(x), C(x), Z1(x), Z»(x), ...) which is an independent copy of (E, U, C, Z, Z», ...),
where E denotes a unit mean exponential random variable independent of (U, C, Z;, Z,, ...)
and U is a random variable independent of (E, C, Z1, Z,, ...) with a law that will be specified
later. Suppose that the triple (E(x), U(x), C(x)) is attached to the vertex x € J, and Z;(x) is
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Fig. 1. A realization of a marked continuous-time branching random walk. The horizontal thick line represents a
fixed time ¢t > 0. Note that no dashed lines emanating from the vertex 33 downward means that N(33) = 0. On
the figure it is also assumed that E(Q) + E(3) + E(33) > ¢, that is, the particle 33 dies after time ¢. The tree
discovered up to time ¢ is J; = {&, 1,2, 3, 11, 12,31, 32,33} and consists of all vertices above the thick line. The
set of particles alive at time ¢ is 9.7} = {2, 11, 12,31, 32,33} and consists of vertices above the thick line which
have not split above this line. The set of particles removed from the system by time 7 is .7,° = {@, 1, 3}.

attached to the edge between x and xi. For every particle x € 7, we define its time of birth
B(x) and the time of death D(x) by the formulas
x|—1
B(@)=0, B(x)= )Y E(p, Ix|>1,
k=0
x|
D(x)= Y E(x) = B(x)+ E(x), x € T,
k=0
where x|, is the kth vertex in the unique path from the root & to x and |x| denotes the length
of this path. Note that E(x) is therefore interpreted as the lifetime of particle x € 7. Denote
by 7 C I the tree discovered up to time ¢ > 0, given by

Ji={x € Ty : Bx) <t}

The set of particles alive at time ¢ is given by
07, ={x € J : B(x) <t < Dx)}.

The relative complement of 9.7, that is
TP = F\NOF) = {x € Tno : D(x) <1},

represents the particles removed from the system by time ¢. Both collections 9.7 and .7,° will
play a significant role in the forthcoming construction of the probabilistic representation of the
solutions to (1.2). A possible realization of the marked branching process described above is
depicted on Fig. 1.

A continuous-time branching random walk is a branching process with a spatial component.
The position V(x) of x € 7, is obtained by summing the edge weights along the unique path
from the root @ to x. Thus, for x € 7,

|x|
V) = Z (xpr).
k=1
205
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Therefore, the positions of particles present in the system at time t > 0 are given by the point
process

Z = Z 8v(x)-
x€d.
The measure-valued process 2 = (%), is called a continuous time branching random walk.
Note that the variables (U(x), C(x))re 4, did not play a role so far in the construction of Z.
We shall now make use of them for two markings. The first one is given via an independent
marking of 2 with independent copies of U, namely

Ly, = Z vy ® Sy, = 0.
x€d T}

The point process (Zy.¢)r=0 Will be mainly used to control the contribution of the initial value
by taking U = R, where, recall, R is a generic random variable distributed according to vy, but
it will be also applied in a slightly different aspect (with a differently distributed U) as well.

The second component needed to construct ¢, controls the contribution of the inhomoge-
neous terms (shifts) C(x). Put

G = Z v ®dcwy, t=0.

xeJy°
Finally, define # = (#;);>0 via
W= 2r:+6, 120, (2.5)

where R is distributed according to vy.
Our first main result provides an explicit form of a unique solution to (1.2) which turns out
to be the characteristic function of a certain integral with respect to the point process 7.

Theorem 2.1. Assume (2.1), (2.2), (2.3) and (2.4). Then in the class (1.4) there exists a unique
solution to (1.2) given by ¢,(§) = Eexp{i&§ W,}, where

W, = /evz #;(dv, dz)

and W, is defined by (2.5).

The proof of Theorem 2.1 given in Section 3 utilizes (1.6) and the branching properties of
Zu.: and 6, which will also be discussed in Section 3.

Remark 2.2. Probabilistic interpretations of the solutions to (1.1) on various levels of
generality have a long history. For the original Kac model a probabilistic interpretation was
given by McKean in [26]. A probabilistic representation for the inelastic Kac model is contained
in [6] and further refinements can be found in [4,5,12]. In the context of propagation of chaos
other types of probabilistic representation have been proposed in [15,16]. A particular case
of Theorem 2.1 with N = 2 can be extracted from Proposition 4 in [7]. In particular, the
decomposition W; = X, 4+ C; is very similar in spirit to the decomposition right before
Proposition 4 in [7]. A detailed comparison of the approaches to probabilistic representations
of solutions to (1.1) via random labelled N-ary recursive trees (proposed in [4,7]) and via
continuous-time branching random walks (proposed in [12]) can be found in Remark 2.7
in [12].

206



D. Buraczewski, P. Dyszewski and A. Marynych Stochastic Processes and their Applications 159 (2023) 199-224

2.2. Asymptotics

We shall now explain how one can use the asymptotic behaviour of %] to show that ¢,,
appropriately scaled, possesses a non-trivial limit as t — oo. It turns out that the underlying
branching process, by a change of measure argument, is related to a compound Poisson process.
The asymptotic of the latter is described in terms of the function @ : [0, c0) — [—1, +00]
defined by

N
@(s):E[ZA2:| —1, s>0.
k=1

Let 2 ={t>0:E [‘Zf{v:l A;c] < oo and assume that 2 is not empty. Note that $(0) =
E[N] — 1 and, particularly, E[N] < oo iff #(0) < oco. Moreover, by the merit of Holder’s
inequality, & is a convex set. The function @ is continuous and strictly convex on the open
interval int(2).

The fundamental object in our context is the so-called additive martingale

M(y)=e *0" / (),  yeg (2.6)

If &(y) > y®'(y), then under some mild moment assumptions, see Lemma 5.1, M,(y)
converges almost surely and in L; to a random variable M, (y) which is almost surely positive
on the set {| 75| = oco}. If, on the other hand, ¢(y) < y @' (y) then M;(y) still has a
nontrivial limit in a weaker sense (in probability or distribution) after a polynomial rescaling.
The martingale limits M.,(y) will appear naturally in our arguments.

As W, = Zr: + 6 it is convenient to express W; as a sum of two terms Xz, and C,
defined by the following identities. Put

Xy, = / eu Ly, (dv, du), >0, 2.7)

where U denotes some random variable (we use here U instead of R, because this notation
will be applied below in various contexts) and

C, = /e"c ¢:(dv,dc), t=>0. (2.8)
In our settings we shall scale this processes using the so-called spectral function given by
u(s) = o(s)/s, se€g.

Since @ is strictly convex, the spectral function @ can possess at most one minimizer y*. If
it exists, it is then the unique solution to the equation u'(y*) = 0, or equivalently @(y*) =
y*@'(y*). We shall mainly consider values of y smaller than y*. However, since we do not
assume existence of y*, instead of referring to the inequality y < y*, we shall use the condition
w(y) < 0, or equivalently &(y) > y @'(y). The latter condition will allow us to control the
dynamics of Xz, provided (roughly speaking) that the distribution of R lies in the domain of
normal attraction of a stable law of index y € (0, 2]. More specifically (and similarly to [7,12])
in some cases we shall work under the following assumptions imposed on the initial condition
vo. We say that condition (H,, ) is satisfied if:
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e for y = 1 one of the following conditions (a) or (b) is fulfilled:
(a) f [x]vo(dx) < oo and in this case we put my = fxvo(dx);
(b) we have

lim xvg(x, +00) = lim |x|vo(—00, x) = ¢y € (0, 00),
x——+00 X—>—00
and

lim xvo(dx) = mg € (—o0, 00);
T— 400 [-T.T]

o for y =2, 0 = [ x*vy(dx) < oo and [ xvy(dx) = 0;
e for y € (0, 1)U (1, 2) it holds

lim x”vp(x, 400) =c¢g,  lim |x|"vp(—00, x) = ¢;
xX—>+00 X——00

with ¢f + ¢y > 0. If y > 1, then furthermore [ xvy(dx) = 0.

The process (X ;):>0 is related to the homogeneous kinetic equation. More precisely, consider
the equation

at‘f;t = gd;t - (13,,
! 2.9
{ (&) = po(€) = Elexpli& R)]; 29)

where 2 is the homogeneous smoothing transform obtained from (1.3) by putting C := 0, that
is,

N
2¢) =E []‘[ ¢<Aks)} :

k=1

Under mild hypotheses, see Proposition 2.5 in [12], qNSt(S ) = E[exp{i& Xk ,}] is a unique solution
to (2.9) and its asymptotic depends on the sign of ©'(y) (or in other words on the mutual
position of y and y*, if y* exists). We state below results proved® in [4,12,13]. Assume that
condition (H,) holds.

e If 4/(y) < 0, then

X L XLt 0. (2.10)
o If 4/(y) =0, then

e X, b Xt oo @2.11)
o If 4/(y) > 0, and y* exists, then

(e X S X > o (2.12)

Let us emphasize here that in the sequel we shall use only (2.10), but we present here all
possible results for Xz, to provide the reader with a general overview. In all the cases the
limit satisfies the following stochastic fixed-point equation
N
Xoo i LM(W\V*) ZAka,om
k=1

2 Note that in [4,12] the authors assume that N is a constant, however this hypothesis is superfluous and can
be easily replaced by (2.1) and (2.4).
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where (Xi.oo)ten are independent copies of X, L is uniformly distributed on (0, 1) and
(N, Ay, Ay, ...), L, (Xkoo)ken are mutually independent. All the above results can be stated
in terms of the characteristic functions and since the most relevant for us will be the regime
when (2.10) holds, we provide further details only in this case. Let
eimot if y = 1 and (H,(a)) holds,
N eimoE—maolél if y = 1 and (H,(b)) holds,
&8 =1 e, if y = 2 and (H,) holds,
ekolsl"(I=ibo tanry /2)sen®) - if 3 € (0, 1) U (1, 2) and (H,) holds;
where
b b — cf—¢p
2I(y)sin(ry /2)’ o +e
Then convergence (2.10) is equivalent to
Gi(e ) = B[ N] > go®) = B[], 1 o,
where the limiting function has a representation in terms of the martingale limit

Poo(§) = B[] = E[g, ML ()], & €R, (2.13)
see Theorem 2.2 in [4].

Taking into account the above results for Xz ,, to describe the behaviour of W, = Xg 4+ C;
for large ¢, it is necessary to understand the asymptotic behaviour of C, defined in (2.8). We
summarize the results in the following two theorems. The first one treats the case when C has
a non-zero mean. In this case we assume

E[C] # 0, E|C|? < oo for some p > 1, 1 € int(2) and /(1) < 0. (2.14)

koz(c()*—i—ca)

We shall consider three subcases:
(A) &(1) > 0 and (2.14) holds;

(B) &(1) = 0 and (2.14) holds;
(C) &(1) < 0 and (2.14) holds.

Theorem 2.3. Assume (2.1), (2.2), (2.3) and (2.4). The following limit relations hold true:

(a) under condition (A),
_ p E[C]
e ic, o mMm(l), t — 00;

(b) under condition (B),

1

R L EICIMo(1), 1 — o0
(c) under condition (C),

€5 Coo= Y '9Ck), 1o,
xX€ 0
where C is a.s. finite and satisfies the equality in distribution
N
Coo £ Y ArCroo+C, (2.15)
k=1
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with (Cy.o)keN being independent copies of Cs also independent of (C,N, A,
As, L)

To state the results in the zero-mean case we need the following sets of conditions:
(D) E[C] =0, E[|C|”] < o0 and &(p) < O for some p € (1,2], and u'(1) < 0;
(E) E[C] =0, 2 €int(2), #(2) > 0, 1'(2) < 0 and E[C?] € (0, 00).
Theorem 2.4. Suppose that (2.1), (2.2), (2.3) and (2.4) are satisfied. Then,
(d) under condition (D),
C, £ Coos t — oo.
(e) under condition (E),

e, S /ML@EICT)/ BN, 1 — oo,

where N is a standard normal random variable independent of the martingale limit
My (2).

Remark 2.5. The inhomogeneous stochastic fixed-point equation of the form (2.15) has
received considerable attention in the past decades. For example, the set of solutions has been
characterized in [1] (case of nonnegative C) and [2] (two-sided case). In particular, under the
assumptions (C) or (D), Theorem 2.3 in [2] implies that the set of solutions is indeed nonempty
and provides a description of all the solutions. The variable C, appearing in Theorems 2.3
and 2.4 is a particular solution.

Theorems 2.3 and 2.4 will be proved in Section 5 with the only exception being the case
(E) in Theorem 2.4. The latter will follow from case (E) in Theorem 2.6 by taking R = 0, that
is vg = &p.

In order to formulate our results concerning asymptotic behaviour of W, one needs to
compare the influence of C; (Theorems 2.3 and 2.4) with Xg, (formulas (2.10) — (2.12)).
Observe that our results concerning the asymptotic behaviour of C, are stated either under the
assumption u’(1) < 0 or under the assumption u'(2) < 0. In both cases w(y*) (assuming
that y* exists) is strictly smaller than ©(1) or w(2). Thus, in the regimes (2.11) and (2.12) C,
always grows faster than X ,. Furthermore, this still holds true if we replace the condition (H,,)
(needed, for (2.11) and (2.12)) with an appropriate moment assumption on vy. Summarizing,
we shall only consider below X, either in the regime (2.10), that is, when u'(y) < 0
(Theorems 2.8 and 2.9) or under some moment assumptions on vy ensuring that C; grows
faster than Xg, (Theorem 2.9).

Recall that Theorem 2.1 implies ¢,(§) = Eexp{i§W;} = Eexp{ié(Xr, + C;)}. We start
with the case when influence of both ingredients C, and Xy, is comparable. The following
result will be proved in Section 6.

Theorem 2.6. Assume that (2.1), (2.2), (2.3) and (2.4) are satisfied.
e [f conditions (A) and (H,) are satisfied, then
die M Dig) = E[eife_“(l)twt] N IE[§1(SMOO(1))#“””“”'““”], f = oo
o If conditions (C) and (H,) are satisfied for some y < 1 such that &(y) =0, then
$i() = B[] > E[g, EMIT (r)e ], 1 — oo,
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o If conditions (D) and (H,) are satisfied for some y < p such that &(y) =0, then
¢() =E[e" ] > E[g, ML ()], 1 — o0,
e [f conditions (E) and (H,) are satisfied, then
¢i(e " Pg) = Bl "] 5 Eexp |8 (Ma)(0g +EIC?1/8(2)) )2}, 1 — oo.

Remark 2.7. Note that if condition (B) holds, then C,/t converges in probability and there is
no regime in which X, also grows linearly meaning that C; and Xy , cannot be of the same
magnitude. This explains why the case (B) is excluded in Theorem 2.6.

Now we consider the case when Xg, dominates over C; and thus determines asymptotic
behaviour of W,. Our next result is a direct consequence of the Slutsky theorem.

Theorem 2.8. Assume (2.1), (2.2), (2.3) and (2.4). Suppose further that one of the following
set of conditions holds:

e (A) and (Hy) for y < 1;
e (B) and (H,) for y < 1;
e (C) and (H,) for y <1 and $(y) > 0;
e (D) and (H,) for y < p and 9(y) > 0;
e (E) and (H)) for y <2.

Then
¢i(Ee ) > Eexp(i& Xo),  t — 00,
where the characteristic function on the right-hand side is given by (2.13).
Finally, when C, dominates, we do not need to refer to conditions (H,) and, instead,
finiteness of certain moments of R is sufficient.
Theorem 2.9. Assume that (2.1), (2.2), (2.3) and (2.4) are satisfied. Then,

e If (A) holds and, further, E[R] = 0 and E[|R|'*®] < oo for some § > 0, then
p E[C]
% —

&(1)
e If (B) holds and, further, either condition (H,(b)) holds, or E[R] = 0 and E[|R|'*®] < oo

for some & > 0, then

e Dy, Muo(1) and ¢(e*V'g) — Eexp(i&(E[C])Ms(1)/ (1)), t — oo.

%Wl £ E[CIMs(1) and ¢,(t7'€) - Eexp(ié(E[C)Mx(1)), t— oo.

e If (C) holds and, further, there exists y < 1 such that ®(y) < 0 and E[|R|"] < o0,
then
W, 5 Co and ¢i(6) = BexpitCu), 1 — 00.

o If (D) holds and, further, there exists y < p such that &(y) < 0, E|R|Y < oo and
E[R] =0, if y > 1, then

W, 5 Coo and ¢u(8) — Eexp(itCuo), 1 — 00.
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Note that there is no case (E) in Theorem 2.9 since it is essentially contained in the fourth
part of Theorem 2.6. We provide a short proof of Theorem 2.9 in Section 6. Theorems 2.6,
2.8 and 2.9 are complementary to the results proved in [7, Proposition 3], where the authors
assumed that N = 2 a.s. and were interested in the convergence of v, to a fixed point of an
inhomogeneous smoothing transform, without any additional scaling. Those results correspond
to our cases (C) and (D). Hypothesis (H,) in [7] entails our condition (C), however, when
E[C] = 0, assumption (H3) in [7] and condition (D) are of different nature. Finally, notice that
our results do not provide the rate of convergence as the results of [7].

3. Utilizing the branching property: proof of Theorem 2.1

In this section we shall demonstrate how one can use the branching property of continuous-
time branching random walks to prove the existence and uniqueness of solutions to (1.2).
The key fact that we are going to use throughout this section is that given .7; the collections
(E(x), Ux), C(x), Z1(x), Z(X), .. ))xeTu,x>y for y € 3.7 are conditionally i.i.d.

The process Y, = |0.7;| which counts the number of particles in 3.7 is usually called a
continuous-time branching process or a Yule process, see [3, Chapter III]. Note that, according
to (2.1), Y, is finite a.s. for each ¢t > 0. Moreover, by the memoryless property of the exponential
distribution, Y = (¥;),;>0 is a Markov process with the jump rates

PIY(t+dt) =k |Y(t) = j]l = jPIN =k — j + 1]dt + o(dr) 3.1)

fork > j—1.

We shall now state the branching property for (Zy );>0 and (%;);>0 that will be utilized in
the proof of Theorem 2.1. First, note that for ¢, s > 0, 2y ,;+s can be written in the following
fashion

Lo = Y, D Svw-vorve ® Suw.
y€d Ts x€d T 45,y=x
Thus, if we denote for y € 9.7
()
X = Y. Svw-viy ®Suw
X€0 T 45, y<xX
then the previous relation takes the form
)
LpaesC) =Y 2= V), ). 32)
y€d Ty

The key feature of this representation is the following property. For every fixed s > 0, given
9.7, the point processes (3&”[5}3? +:(»)i=0, y € 0.7, are independent copies of 2y ;. In other
words, 2y +s is a sum of |0.7;| (conditionally) independent copies of 2y, appropriately
shifted. The process € = (%;);>0 also enjoys a version of the branching property. For s, > 0

it holds

Cros =G0+ Y EOL =V (3.3)
y€d Ts
with
cgs(’);)_’_t = Z v ()-v(y) ® S y €937;.

X€0 Ty 45,y5X

Once again, for every fixed s > 0, given 9.7, (‘@(,?;L,).y,ea 7, are independent copies of &;.
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Using (3.2) and (3.3) we can write, with Wé(ﬁ, 3&”15‘&) st T ‘Ks(yys)ﬁ,

WiwsC )= G+ Y W= V). (3.4
yed Ty

The notation introduced so far allows for a probabilistic representation of the solutions
to (1.2).

Proof of Theorem 2.1. We intend to prove that the function

V(&) =E[“"], t>0, £eR,

is the unique solution to Eq. (1.2). Recall also that ¢y is the characteristic function of R.
First we prove that the function ¢, satisfies Eq. (1.2). The argument follows the proof of
[12, Proposition 2.5] with some slight changes. We first establish an auxiliary continuity
estimate for ;. Take + > s and recall that under our standing assumptions Y; is a.s. finite.
Using (3.1) we write

[¥,(€) — ¥, (§)| < 2P [there are splits during [s, 1]] <2E[1 —e "] >0, s—1,
by an appeal to the dominated convergence theorem. Now define the filtration (%)=
via

Fy =0 ((E(x), C(x), (Z(xX)h=0 : x € ;)

and use (3.4) to write for s < ¢,

¥i(€) = E[E [exp {i§ W}| Z]]

=E E[exp{iéCs + Z iéev(”)/e”z%f’,y)(dv,dz)}‘9}]}.

yed Ty

The measurability of C, with respect to .%; yields

V&) =Kl [] vies %‘ev(”} (3.5)

- yed Ty

We shall use this formula to study left and right derivatives of ¥, with respect to ¢. For
h € (0, 1), by considering the number of splits that occur within the time interval [0, h], we
arrive at

¥ (§) ZE[e"EC” 1_[ Vi (Sev(y))]l{no splits during [0, h]}i|

Y€ Ty

+ ]E|:€[€Ch H Vi (Sev(y))]l{one split during [0, h]|i| +o(h)
yed g,

N
=Y a@e " +E [e"“ I1 wth@Aw] h+ o(h).

k=1
Dividing both sides by &, sending £ — 0 and using the continuity estimate established at the
beginning of the proof yields

N
O (&) + i (§) = E[e’fc [ w,@Ak)} = DY (&).
k=1
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If we now replace ¢ with ¢t + h, put s = h in (3.5), and then send 7 — 0" we conclude that
8,*1/5 = 9, ¥,. Thus, ¥ is indeed a solution of (1.2) as claimed.
To prove uniqueness of the solution we adopt to our settings the arguments provided in the
proof of [13, Proposition 1.4]. Let ¢; be any solution to (1.2). Going back to (1.6) write
¢:(§) = PLE(@) > t1¢0(§) + E [ Li£2)<1) 2bi—£(2) &) ]

- l_[ ¢0 (ev(x)é') 1_[ e,‘geV(.wc(x) 1_[ ¢r—D(x) (ev(x)é')
_xea.%,\xlil xe77°, |x|<0 xe7°, |x|=1

Iterating the above equation n times gives

so=2| 1 aE™ T[] ¢ [T g™

x€07;,|x|<n xeZ?, |x|<n—1 xeJ°, |x|=n

Under assumption (2.1), 3.7 and .7/ are both finite a.s. and therefore all three products under
the expectation have a.s. finite limits as n — oo. Furthermore, the limit of the third product is
one. An appeal to the dominated convergence theorem gives

¢t($) —F 1_[ igeV @) l_[ ¢ V(x)%- . t>0, é cR.

xeJy° x€d0 7
Recalling that ¢ is the characteristic function of the random variable R we obtain
ce Vi(X) ce Vi(x) . . .
¢t(§) — E[ 1_[ el&'e C(x) 1—[ elé’e R(X)} — E[elécletéxk,,] — E[elé‘Wl] — wl(é)
xeTJ° x€0.

for t > 0, & € R. The proof is complete.

4. Many-to-one lemmas

One of the most useful tools in the analysis of branching random walks are many-to-
one lemmas. It turns out that one can express the expectation of a statistic, which depends
on the entire collection of particles, in terms of a trajectory of one, tagged, particle after
an appropriate change of measure. The claims of these lemmas follow from general theory
(see [20, Theorem 8.2]). We shall however present the details for the readers convenience. For
o € 9 denote

Ma) = log}E[Z e“V(x):| = log(®(e) + 1)
|x|=1

and consider a standard zero-delayed random walk §@ = (S,(f‘))
distribution defined by the formula

E[r($\")] = [Z V- ’\("‘)h(V(x))] 4.1)

lx|=1

>0 with increments having

for any bounded measurable function 2 : R — R. Furthermore, let n = ()50 be
a homogeneous Poisson process on [0, co) given via

n=#k=>1:T <t}, t>0,
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where T, = ZI;ZI E;, k € N, and (E;);>1 is a sequence of i.i.d. random variables with the
unit mean exponential distribution. Next lemma is the aforementioned many-to-one formula
for Markov branching process specialized to the continuous time random walk (S(“) see

Nt )t>0’
[20, Theorem 8.2]. In what follows S@, n and U are assumed to be independent.

Lemma 4.1 (Many-To-One Formula I). Assume (2.1), (2.2), (2.3) and 2 # <. Under the
introduced notation, for any a € 9, t > 0 and any measurable function g:}R2 — [0, 00),

E [ f §(v.x) Zy.,(dv, dx)] = E[emSi o @mg(s2. U) |. 42)
Proof. Define for n € NU {0, oo},
F o < |EL 8@+ 00 25 @ an). 120
E[g(z, U)], t <0,
where

‘%J,t = Z Sy ®dywy, t=0.

x€d.J;,|x|<n

Then 277, = 2y, and thus Fy(t,0) is equal to the left-hand side of (4.2). Note also that
Fo(t, z) = 0 for t > 0. Utilizing the branching property of 2}, and recalling (4.1) we obtain,
for finite n > 1,

F,(t,z) = EI:]]-{E(Z)ft} Z Fo1(t — E(@), 2+ V) + Ligw)=-n8(, U)]
lyl=1

@
E[ oS H(‘)‘)ll{Elst}Fn—l (f —E,z+ S(a)) + L, >n8(z, U)]

E[expf - —arS) 4+ M (= Tz o+ S((l))]
where
nW=#{l<j<k:T;<t}], 1>0, kel
Upon iterating n times the above formula for F,(¢, z) we deduce
Fy(t.2) = Eexp{—as) +aem” | i = T, 2+ 55) |

= E[exp{—aS;‘;‘) + M) gz + S(a) U) Lz, ]

Putting z = 0 in the above equality and sending n — oo yields (4.2) in view of the monotone
convergence theorem. [

For t > 0 and y € R define

Z’(J/)zf L) = ) M. @3)

x€0.9;

A direct consequence of Lemma 4.1 is the following formula, valid for y € 2,

E[Z(y)] =E [/ e’ Q’E(dv)] ="M >0 (4.4)
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We mention in passing that the above formula combined with the branching property of
Z stated in (3.2) can be used to check that M,(y) defined in (2.6) is indeed a martingale.
Differentiating both sides of the above equation with respect to y yields that for y € int(2),

E[ / ve’V f‘z’}(dv):| =19 (y)e'?")  and

E [ / vier” ff;(du)] = (t8"(y) + 15(P'(y))*) &' .

We shall also use a simple consequence of the Marcinkiewicz—Zygmund inequality, see
Theorem 10.3.2 in [14]. If E[U] = 0, then, for any p € [1, 2] and y > 0 such that py € 2,
there exists a universal constant ¢, > 0 that depends only on p such that

p P
] <c,E |:(/ ezy”uzﬁfu,,(dv, du)) 2:|

< c,,E[ [ et 2 av, du)} — ¢,E [ / ewvzmv)] E[U7]
=, "PE[|UIP].

In the above chain of estimates the first one is the aforementioned Marcinkiewicz—Zygmund
inequality, the second one follows from subadditivity of x |x|'”/ 2 for p € [1,2], and the
final equality follows from (4.4).

Our next lemma is a less standard one. In view of similarities with the previous result we
shall also refer to it as a many-to-one formula.

E[|Xv"1=E H/ e’'uZy (dv, du)

4.5)

Lemma 4.2 (Many-To-One Formula II). Assume (2.1), (2.2), (2.3) and 9 # O. For every
o € 9, every measurable function g:R* — [0, 00) and every t > 0,

n—1
E |:/ g, ¢) 6, (dv, dc)i| = E[Z e—agia)u(a)kg(slg"‘), C)], 4.6)

k=0

where C is independent of S0 and 1 on the right-hand side.

Proof. We shall use the same procedure as in the proof of Lemma 4.1. Define, for n €
N U {0, oo},

H o= |EsGtva@ @ do], 120,
9 t <0,
where
cgl” = Z 8V(x) X SC(x), t> 0.

xeZ°,|x|<n

In particular, Hy(t, z) = 0. As in the previous lemma we shall use the branching property of
€. For a finite n € N, it holds

H(t, 2) = E[Z Hy 1t — E(2), 2+ V() + 82, C)IL{E@)EI}}
[yl=1
()
_ E[e“"sl BDOH, (1= Ery 2+ 5) + 1ig, 28, C)].
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Iterating the above equality yields

H,(1,2) =E [ exp{—an]?n)) + Mam}Ho(t — T, z + S©)

()
un -1
()
+ Z Sk +A(a)kg(z + S(O‘), C)i|
k=0
i (@)
- E[ T sl kg (p 4 5, c)]
k=0
Taking z = 0 and sending n — oo yields the desired formula by an appeal to the monotone
convergence theorem. [J

Assume that E[|C|”] < oo for some p > 0. Then formula (4.6) entails

P

, 9 0,
E U e’ le|” G,(dv, dc)i| =E[iclr]-| *® ) # 4.7)
t, P(y) =0,
for every y € 2. Recall that C, is defined via (2.8) and note that, given .7,° and (V(xX)rege,
the variables (C(x)),c e are independent copies of C. Thus, if E[C] = 0, we can apply the
Marcinkiewicz—Zygmund inequality as we did in (4.5). This entails, for g € [1, 2],

E[IC/] < c,E [ / e [c|? %, (dv, dc)} . .8)

5. Limits of the associated stochastic processes: proofs of Theorems 2.3 and 2.4

Having represented the solution to (1.2) as the characteristic function of the process (W),
we shall analyse the asymptotic behaviour of the latter. Recall the decomposition W, =
C:+Xr with Xg, and C; given via (2.7) and (2.8), respectively. The asymptotics of (X );>0
is essentially determined by the condition (H, ) and the behaviour of the process (M;(y));>0,
defined in (2.6), which is well-known from the literature, since

M,(y) = =20 f Y (dv) = e P Z,(y)

forms a so-called continuous-time additive martingale. Since it is positive, it converges a.s. to a
limit as + — oo. It turns out that the limit is nondegenerate if and only if u'(y) < 0. Whenever
W' (y) = 0, the martingale M,(y) converges to 0 a.s. and a polynomial correction term is
necessary to obtain a nondegenerate limit for a rescaled M,(y). We sum up this discussion in
the following lemma, which follows from [8, Theorem 1.1].

Lemma 5.1. Assume (2.1), (2.2), (2.3) and (2.4). Suppose further that 9 # & and

|35 ()]~

for some y € 2. If W/(y) <0, then
lim M,(y) = M.(y) a.s.andin L.
t——+00
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Furthermore, PIMy.(y) > 0 | | Z| = 00] = 1 and also

li Vix)— o)t ) =— 8. 5.1
,m (xrgaagty (x) (J/)) 00 a.s (5.1
Note that 5.1 holds a.s. conditionally on the event {|Z7,] = oco}. However, on the

complementary event {|. 7| < 00}, the set 9.7, is empty for all large enough ¢ > 0, and (5.1)
is still true if we interpret the maximum over the empty set as —oo.

We aim now to prove Theorem 2.3. To this end we apply a similar procedure as in the
proofs of Proposition 3.2 in [12] and Theorem 2.3 in [18]. First, we fix some 6 > 0 and
analyse the asymptotic behaviour of the discrete skeleton (Cg,),>0. At the second step we pass
to a continuous parameter by using an appropriate approximation argument. Note that for 6 > 0
and n € N, branching property (3.3) yields

Comtny = Con + Z eV(X)fevC Gy (V. o),
x€d Ty,

and Cé")(x) = f e'c ‘59(;?9(” +1)(dv, dc), x € 95,, are conditionally independent copies of Cy.
Thus, recalling (4.3),

Cowtty = Con+ ) ¢"VC ()
x€d Ty

(5.2)
= Con + (EICoD) - Zon(D + Y €"(C{"(x) — EICy)).
x€d Ty

Denote

Xp= Y "9 (x) — EICy)).

x€0 Ty

so that

Comtny =EICo1 Y Zar() + Y X (5.3)

k=0 k=0

Proof of Theorem 2.3 in cases (a) and (b). We start with decomposition (5.3). The first term
on the right-hand side of (5.3) can be treated using Lemma 5.1. Indeed, since u'(1) < 0,

lim e ?"*Mz, (1) = lim Mg, (1) = Mo(1)  as. (5.4)
n—oo

n—o00

To estimate the second term in (5.3), pick a constant g € (1, 2] Nint(2) such that E|C|? < co
and ©/(g) < 0, then u(1) > u(g). Notice that X has the same distribution as X« 4, with the
vertices marks U®(x) = C¥(x) — E[Cy], x € .Tp. Inequalities (4.7), (4.8) yield

E[|C)"(x) — E[Co1|"] < ¢y,
for some constant ¢,,¢. Thus, (4.5) entails
E[1X,17] < ¢q0e" .
For any fixed ¢ > 0 we can write using Markov’s inequality

PHXni - 8eneqﬁ(l)] < que*qneﬂl)EHanq] <c¢ ge ™ . M@=
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A standard application of the Borel-Cantelli lemma entails
e PDX, 50 as. (5.5)

as n — oo. We now argue case by case.

CASE (a): If &(1) > 0, then E[Cy] = E[C](??D — 1)/ (1) by (4.7). Using the Stolz—
Cesaro lemma it is easy to check that the limit relation e Pka, > ay, k — oo, for some
sequence of real numbers (a,),en, B > 0 and a, € R, implies

n
B
—pn e
e kXI:ak_)eﬂ—]

Therefore, invoking (5.3) together with (5.4) and (5.5),

oo, n — oo.

/P _ | ee‘p(l)]E[C]
e "V Chupny=e M“)Z( 30 z@k(1>+xk)»WMoo(1> as.

CASE (b): If &(1) = 0, then E[Cy] = OE[C] by (4.7). Moreover, since Zy,(1) - My (1)
a.s. by (5.4) and X, — 0 a.s. by (5.5), another appeal to the Stolz—Cesaro lemma yields

1
—C(nJrl)g — E[C]Moo(l) a.s.
né

To conclude the proof of Theorem 2.3 in cases (a) and (b) it remains to pass from the
discrete parameter n6 to the continuous parameter ¢ in both cases. Take r > 0 and for 8 > 0
let n = [¢/0]. Utilizing (3.3), we conclude

E[C, — Conll = EllXc,_4,.0nll-
Since, invoking (4.7),

E[Ci—onl] < E [/ e’lc| Gp(dv, dC)} < const - OE[|C]] < oo,

we can bound the L| norm of C; — Cy, as follows

E(IC; — Conll < E[Zon(DIE|C, 04| < const - 0" *VE[|C]].
This implies

lim limsup e " *WE[|C; — Cy,|] =0,

0—0t t—o0

which secures our claim. [

Proof of Theorem 2.3 in case (c) and of Theorem 2.4 in case (d). Fix 0 > 0. As in the
previous part, we shall first show the convergence along the sequence (6n),>9. We shall argue
case by case.

CASE (d): If E[C] = O, then (5.2) entails that (Cg,),>0 is a martingale. It is uniformly
integrable since for p € (1,2] N Z and ®(p) < 0, invoking consecutively (4.5) and (5.2), we
obtain

E [ICour1) — Conl”] = E[IXu17] < ¢, E[|Cy|P1e™ P,

As a consequence, the martingale (Cy,),>0 is bounded in L, and whence uniformly integrable
and convergent.
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CASE (c): Recall decomposition (5.3). By an appeal to (5.4) the series Z/tio Zio(1)
is absolutely convergent a.s. Moreover, the process » ,_, X forms a uniformly integrable
martingale, which can be verified in the same way as in case (d).

In both cases we have shown

Cpg — Coo = /e”c Co(dv, dc) = Z e"OC(x).
€90
The convergence C; — Cs, t — 00, can be checked in a similar fashion as in the proof of
Theorem 2.3. [

Recall that case (e) of Theorem 2.4 follows from the proof of part (e) in Theorem 2.6 given
in the next section.

6. Proof of Theorems 2.6 and 2.9

The convergence results obtained in the previous section allow us to prove Theorem 2.6.
We shall use an inhomogeneous version of Lemma 4.1 in [12].

. . . P
Lemma 6.1. Assume that (r;);>0 is an integer-valued stochastic process such that r, — 00,
as t — o0o. Suppose additionally that for every t > 0 there is an array (ay,);_, of a.s. positive
random weights and a stochastic process (b;);>o such that

rt

P P P

E a, = doo, max a, — 0 and b, - by, t— 00,
=1,..., rt

k=1

for some y € (0, 2], a nonnegative random variable a., and a random variable by,. Assume
that vy satisfies the condition (H,) with the same y as above. For a sequence (Rj)ien
of i.i.d. random variables distributed according to vy and which is independent of (r;);>0,
((ak,t)ztzl = 0) and (b;);>0, put

It

S, = ZaquRk + b;.
k=1
Then, as t — 00,

E [eifsr] ) [g,y(gaééy)eiéboo] , EeR. 6.1

Proof. Note that, for every fixed £ € R,

k=1

Eexp(i&S,) = Eexp (isb, + log ¢o<ak,ts>> ,

where log ¢ is the principal branch of the logarithm of the characteristic function of R;. In
Lemma 4.1 in [12] it was proved that

rt
P .
exp (Z logqﬁo(ak,,g)) — gy(gaéé”), t — oo.
k=1
Since b, LP; b, t — 00, we also have
It
. P . ;
exp (Z log po(ar, &) + zsbt) = gy (EallNe=, 1 — oo,

k=1
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By the Lebesgue dominated convergence theorem, which is applicable because

eXp (Z log ¢o(ar..&) + iéb,)

k=1
we obtain (6.1). O

517

Proof of Theorem 2.6. The first three cases (A), (C) and (D) follow immediately from the
above lemma. For the reader convenience we present here the proof of (C). By Lemma 5.1 and
using that @(y) = 0, we obtain

E e’V 5 Mo(y) as. and maxe'Y -0 as, t — 00.
yedT
yed.F;

Further, by Theorem 2.3(c), C, E) Cs, t — o00. Therefore, by Lemma 6.1 applied with
rn=Y, =107 ay; = "V, b, = C,, it holds

E[e*"] — E[g,(EMY (e ], t— cc.

Let us now consider case (E). Fix 6 > 0 and let us show that

ey, & M@0 +EICR/B@)N, 1 — oo, (6.2)

where N is a standard normal random variable which is independent of M, (2).
Fix [ € N. Using the decomposition Wy, = X 0, + Cg, and the branching properties (3.2)
and (3.3), we can write

1D Wy =MD (X g + Con)

_ —u(2)01 V(y)—u(2)0(n—I) ) ) —u(2)0
=le* Z e’ VTR (XR,9l+C9(n—I),0n) + e M Couiys
yea‘%(ll—])

where

Cé’(',)lfl)’en ::/e”c%(’;fflwn(dv,dc) and Xg)gl ::/e”r%lg?gl(dv,dr), Y € 3Tpu-1)-

Note that, for every y € 9 Zpu—), X E{LI—G—C%{_ 1).6n are independent copies of a random variable
Woi = Xgo + Cors

and are also independent of 9.%,—;, and (evm)yea%(n_,). Since
E[Wy,1=0 and E[W;,] < o0,

we can apply Lemma Eq. (6.1) with y = 2, ¢t = 0(n — 1), a,, = "7+ r = 3.7,
oo = M (2) and b, = 0, to conclude that

)— _ ) ) d
D YOO (XD 4l pn) > /Moo EIWa PN, 1 — oo,
Y€ Tp(n—1)

for every fixed / € N. Thus, according to Theorem 3.2 in [9], in order to deduce (6.2) it remains
to prove that

llirglo e” POUE[W; ] = o5 + E[C?]/ D(2), (6.3)
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and that, for every ¢ > 0,

lim lim sup P{|e™*®*" Cy(,—p)| > £} = 0. (6.4)

>0 psoo

By Chebyshev’s inequality in order to prove (6.4) it suffices to check that

lim lim sup e %" ‘M)E[Cﬁm_,)] =0.
[0 p500

But this follows from the chain of estimates

(4.8)
e "PPE[CF, ) < cre” PR [ / > Cyn-1(dv, dc)}

O(n—1)PQ2) _
4D Ece et 1
2(2)

since #(2) > 0. Limit relation (6.3) can be checked by direct calculations:

2
EWS, =EXro+Co® =E| 3 e"“R@)+ 3 "VCW)
x€d. Ty ye gy
2 2
—E[ 3 Rrw | +E[ Y e"Oc)
x€d. Ty ve Ty

=E[RE| > &' |+EICE| Y &'
xed Ty ey
, 01BQ2) _ |
@D ;2,00100) | 2 e
o€ +E[ ]—qﬁ(z)
This completes the proof of (6.3) as well as of (6.2). Fix £ € R and put hg(t) =

Eexp(iEe™'W,). From (6.2) we know that, for every fixed 6 > 0, it holds
lim he(nf) = Eexp {—&% (Mx(2)(05 + E[C*1/ 9(2)) /2}.

In order to conclude that the limit lim,,_, o i (n0) = lim;_, o ;R he(¢) it remains to apply the
Croft-Kingman lemma, see Corollary 2 in [23]. The fact that ¢ — hg(¢) is right-continuous
follows from the Lebesgue dominated convergence theorem and the fact that (W;);>o has a
version with a.s. right-continuous paths. [l

Proof of Theorem 2.9. The result is a consequence of the Marcinkiewicz—Zygmund in-
equality (4.5). Let us provide the details in the first case when (A) holds, E[R] = 0 and
E[|R|'**] < oo for some 8 > 0. Invoking Theorem 2.3, it is sufficient to ensure that e *" X1,
converges to 0 in probability. The latter follows from (4.5) applied with y = 1, because for
any ¢ > 0, choosing p € (1, 1+ 8) N Z such that u(p) < u(l), we obtain

Ple M| Xg,| > e] < (e PE[| Xg,|"]
4.5)
S’) c,e PE[|R|"] - P =) o ¢ 0.

All the remaining cases can be treated in exactly the same way. [
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