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Abstract

We study a class of kinetic-type differential equations ∂φt/∂t + φt = Q̂φt , where Q̂ is an
inhomogeneous smoothing transform and, for every t ≥ 0, φt is the Fourier–Stieltjes transform of
a probability measure. We show that under mild assumptions on Q̂ the above differential equation
possesses a unique solution and represent this solution as the characteristic function of a certain stochastic
process associated with the continuous time branching random walk pertaining to Q̂. Establishing limit
theorems for this process allows us to describe asymptotic properties of the solution, as t → ∞.
© 2023 Elsevier B.V. All rights reserved.
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1. Introduction

The article is devoted to the study of generalized kinetic-type equations of the form{
∂tνt = Q(νt ) − νt ,

ν0 = ν;
(1.1)

where (νt )t≥0 is a family of probability measures on R. The derivative with respect to the
time parameter t is understood in the weak sense, that is, ∂tνt is a signed measure such that
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∫
g(y)νt (dy) =

∫
g(y)∂tνt (dy), for every bounded continuous g : R → C. The operator Q

n the right-hand side is a smoothing transform defined in the following fashion. For a given
andom vector of coefficients (N ,C, A1, A2, . . .) taking values in {0, 1, 2, . . .} × R × (0,∞)N

nd a probability measure ν on R, take a sequence of independent identically distributed (i.i.d.)
andom variables Y1, Y2, . . . with common distribution ν which are also independent of the
ector (N ,C, A1, A2, . . .). The image Q(ν) is then defined by

Q(ν) = Law

(
N∑

k=1

AkYk + C

)
,

here Law(X ) denotes the law of a random variable X .
The equations of the form (1.1) originate from the Boltzmann equation. In the Kac caricature

f a Maxwell gas [22], νt is the distribution of velocity of a typical particle in a homogeneous
as exposed to elastic binary collisions. This model corresponds to the choice of parameters

N = 2, C = 0, (A1, A2) = (sinΘ, cosΘ), with Θ being a random variable with the uniform
istribution on [0, 2π ]. The term Q(νt )−νt on the right-hand side of (1.1) describes the change
n the velocity after a binary collision. Observe that here A1 and A2 are not positive, which
s the standing assumption for the present work. However, it is known that one can reduce
he Kac’s model to a model with positive coefficients and a symmetric initial condition; see,
or example, footnote on p. 2 in [13]. The inelastic version of the caricature, that is, when[

A2
1 + A2

2

]
̸= 1, has been introduced in [28] and studied later in [6]. Eq. (1.1) in the

eneral form involving the smoothing transform appears for the first time in [5], where the case
[C = 0] = 1 and N = 2 was investigated. In [5] it was also explained how various kinetic
quations developed for describing market economy [24,25] fit into the above framework. The
erturbed case P[C = 0] < 1, to the best of our knowledge, was introduced and studied only
n [7] in the binary case N = 2.

The classical choice N = 2 is in general motivated by physical applications where it is
atural to assume that every collision involves just two particles. Nevertheless, the case of
on-binary collisions, that is, when P[N = 2] < 1, being of interest from a mathematical
iewpoint, has also received some attention in the literature. The case of deterministic N ≥ 2
as been treated in the papers [4,11,12], whereas in the recent work [13] the variable N is
lso allowed to be random. In all aforementioned references (except [7]) it is assumed that
[C = 0] = 1. Besides pure mathematical interest, a motivation for the analysis of kinetic
quations of the form (1.1) in a general situation of random N and non-vanishing C arises in
onnection with models for wealth redistribution in econophysics. We hinge on approach and
erminology borrowed from [7,10,13] and consider a class of models with indistinguishable
rading agents. The kth agent state is characterized by his current wealth wk ≥ 0. Unlike in
hysical applications, it is natural to assume that interactions (trades) may involve a random
umber N of agents. Conditional on the event {N = n}, n ∈ N, an interaction has the form

w∗

k =

n∑
j=1

pk, jw j + ck, k = 1, . . . , n,

here wk (respectively, w∗

k ) is the pre-trade (respectively, post-trade) wealth of the k-the agent
articipating in the interaction. Here the coefficients pk, j are assumed to be random and
epresent the redistribution of the wealth between agents, whereas ck represents, say, taxation

perated by an external subject. This model is described by (1.1) with the following distribution

200



D. Buraczewski, P. Dyszewski and A. Marynych Stochastic Processes and their Applications 159 (2023) 199–224

s
o

E
f

H
t
(

a

F
a
i
c

w
(

of parameters:

P[(C, A1, A2, . . . , An) ∈ ·|N = n]=
1
n

n∑
k=1

P[(ck, pk,1, . . . , pk,n) ∈ ·], n = 0, 1, 2, . . . .

Our aim is to provide robust probabilistic tools to study asymptotic properties of the
olutions to (1.1). For convenience, we shall formulate and prove our main results in the terms
f the characteristic functions of (νt )t≥0 which will be denoted via

φt (ξ ) = φ(t, ξ ) =

∫
R

eiξ x νt (dx), t ≥ 0, ξ ∈ R.

The relation (1.1) written in terms of (φt )t≥0 reads{
∂tφt (ξ ) = Q̂φt (ξ ) − φt (ξ ),
φ0(ξ ) = φ(ξ );

(1.2)

where φ(ξ ) =
∫
R eiξ x ν(dx) and Q̂ is the functional operator associated with the smoothing

transform Q. More precisely, for a continuous function ψ :R → C taking values in the unit
disk {z ∈ C : ∥z∥ ≤ 1} we define the function Q̂ψ :R → C via

Q̂ψ(ξ ) = E

[
eiξC

N∏
k=1

ψ(Akξ )

]
, ξ ∈ R. (1.3)

In what follows we denote by R a generic random variable with the distribution ν = ν0, so
φ(ξ ) = Eeiξ R .

We shall show below, see Theorem 2.1, that under mild assumptions on (N ,C, A1, A2, . . .),
q. (1.2) for an arbitrary initial condition φ0 possesses a unique solution in the class of

unctions{
φ : [0,∞) × R ↦→ C

⏐⏐⏐φ(t, ·) for every t ≥ 0 is the characteristic function of a

probability measure, φ(·, ξ ) ∈ C (1)([0,∞) for every ξ ∈ R
}
. (1.4)

aving settled uniqueness we then turn our attention to asymptotic analysis of this solu-
ion, as t → ∞. Depending on a choice of the distribution of the vector of coefficients
N ,C, A1, A2, . . .) we consider the two following scenarios.

In the first regime φt (ξ ) → φ∞(ξ ), as t → ∞, for some non-degenerate limit function φ∞

nd all ξ ∈ R. Then one expects that φ∞ satisfies the stationary version of (1.2) that is

Q̂φ∞(ξ ) = φ∞(ξ ), ξ ∈ R.

rom the probabilistic point of view one would interpret φ∞ as the Fourier–Stieltjes transform
fixed point of the inhomogeneous smoothing transform Q. As verified by [7, Proposition 3]

n the case P[N = 2] = 1 and Theorem 2.6 of the present article for general N , φ∞ is the
haracteristic function of a random variable X which satisfies

Law(X ) = Law

(
N∑

k=1

Ak Xk + C

)
,

ith (Xk)k≥1 denoting independent copies of X which are also independent of the vector

N ,C, A1, A2, . . .).
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In the second scenario φt has a nondegenerate pointwise limit only after a suitable rescaling.
For some fixed α, β ∈ R, consider a rescaled function

wt (ξ ) = φt
(
(t + 1)βeαtξ

)
, t ≥ 0, ξ ∈ R.

ote that the factor (t +1)β instead of a more natural and asymptotically equivalent tβ is taken
or convenience, since in this case w0(ξ ) = φ0(ξ ) = φ(ξ ). For the sake of simplicity assume
or the time being that

∫
R xνt (dx) < ∞, for all t ≥ 0. This condition ensures that the function

t (ξ ) is differentiable with respect to ξ for all t ≥ 0, and Eq. (1.2) can be recast in terms of
wt )t≥0 as follows:{

∂twt (ξ ) − ξ
(
α + β 1

t+1

)
∂ξwt (ξ ) = Q̂(t+1)βeαtwt (ξ ) − wt (ξ ),

w0(ξ ) = φ(ξ ).

ere Q̂s , for s ≥ 0, denotes a rescaled smoothing transform obtained by replacing C with sC ,
hat is,

Q̂sψ(ξ ) = E

[
eiξsC

N∏
k=1

ψ(Akξ )

]
, ξ ∈ R.

uppose now that wt (ξ ) → w∞(ξ ), as t → ∞, for an appropriate choice of α and β and a
ondegenerate limit w∞(ξ ). Note that if C ̸= 0 this is possible only if (t + 1)βeαt

→ 0, as
→ ∞. Following [4,11] we can find a probabilistic interpretation of w∞. Using the partial
ifferential equation for (wt )t≥0 we see that w∞ ought to satisfy

− αξ
∂

∂ξ
w∞(ξ ) = Q̂0w∞(ξ ) − w∞(ξ ). (1.5)

t is worth noting that this equation does not depend on the value of β. The probabilistic
interpretation becomes evident after rewriting the above relation as

w∞(ξ ) =

∫ 1

0
Q̂0w∞(s−αξ ) ds = E

[
N∏

k=1

w∞(L−αAkξ )

]
,

here L is distributed uniformly on (0, 1) and is independent of (N , A1, A2, . . .). As verified
y our Theorems 2.8 and 2.9, w∞ is the characteristic function of a fixed point of the modified
omogeneous smoothing transform

κ ↦→ Law

(
L−α

N∑
k=1

Ak Xk

)
,

here (Xk)k∈N is a sequence of independent random variables with the common distribution
, which are also independent of the vector (N , A1, A2, . . .). It is worth noting that Eq. (1.5)

s homogeneous in the argument in the sense that if w∞ satisfies (1.5), then any function
f the form ξ ↦→ w∞(cξ ) also satisfies it, for c ∈ R. In order to characterize w∞ it is
herefore important to find an appropriate boundary condition. As it is verified by our main
esults the boundary condition for w∞, that is, the value of ∂ξw∞(0) depends on the interplay
etween the initial condition φ0, the expectation E[C] and the generalized Laplace transform
↦→ E

[∑N
k=1 As

k

]
.

The main results of the present article show the convergence wt → w∞ for an appropriate
hoice of α and β. We achieve that by finding a stochastic process W = (W ) such that φ
t t≥0 t
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is the characteristic function of Wt , for every fixed t ≥ 0. The dynamics of such process can
e guessed from the integral form of (1.2) which reads

φt (ξ ) = e−tφ0(ξ ) +

∫ t

0
e−sQ̂φt−s(ξ )ds, ξ ∈ R, t ≥ 0.

pon plugging the definition of Q̂ we can write, with E denoting a unit mean exponential
andom variable independent of everything else,

φt (ξ ) = E

[
1{E>t}φ0(ξ ) + 1{E≤t}eiξC

N∏
k=1

φt−E (Akξ )

]
, ξ ∈ R. (1.6)

Therefore, the initial position W0 of the process W must have the characteristic function φ0, and
fter unit mean exponential amount of time the process is replaced by a sum of N independent
opies of itself rescaled by Ak’s and shifted by C . Naturally, the independent copies follow
he same dynamics. This in turn gives a hint that W should be driven by a continuous-time
ranching process. We provide an in-depth construction of the process W in Section 2 very
uch in the spirit of [12] where the case C = 0 has been considered. Note, however, that even

n this case our construction is new, since, unlike in [12], we allow N to be random.
We finish the introduction with a brief overview of yet another aspect of the analysis of

kinetic-type equations, namely to the problem of the propagation of chaos. A system comprised
of identical particles is called symmetric and chaotic with respect to some probability measure
µ if, for every k ∈ N, the first k components of the vector of their velocities converge in
distribution to µ⊗k , as the number of particles tends to infinity. A peculiar result proved by
Kac in [22] is called propagation of chaos and states that if at time 0 a system of particles
exposed to elastic binary collisions is symmetric and chaotic with respect to an absolutely
continuous measure ν0, then at time t , for every t > 0, it is again symmetric and chaotic with
respect to νt , the solution to (1.1). The question of whether a particular kinetic model exhibits
such a phenomenon has become classical, see, for instance [15,17,19,27,29] for more recent
results. Having mentioned that, we nevertheless shall not discuss these issues here in details,
since they go beyond the scope of our paper.

The article is organized as follows. In Section 2 we formulate our assumptions and present
the main results. In particular, we shall prove an existence and uniqueness result for the
solutions to (1.2) by constructing a process W which yields a probabilistic representation of
the solution to (1.2). The corresponding proof is given in Section 3. Many-to-one lemmas,
recalled in Section 4, will be utilized for showing the convergence of the stochastic process
W in Section 5. This in turn allows us to give short proofs of our main results in Section 6.
Throughout the paper we use the following notation. The Dirac measure at x ∈ R is denoted
by δx . Convergence (respectively, equality) in distribution is denoted by

d
→ (respectively, d

=).
he notation

P
→ stands for convergence in probability.

. Main results

We shall first provide some further necessary notation and formulate precisely our assump-
ions. Then we proceed by giving the probabilistic representation for solutions to (1.2) using

continuous-time branching random walk. In particular, this result yields that such solution
xists and is unique. Next, we shall formulate our main results on the asymptotic behaviour of
, as t → ∞.
t
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2.1. Existence and uniqueness

As mentioned in the introduction, φt solving (1.2) can be linked with a continuous-
time branching process which we shall now describe. In order to avoid an explosion in the
branching process, and thus in φt , we shall impose the classical non-explosion hypothesis on
the distribution of N , see [21, Theorem V.9.1]:∫ 1

1−ε

ds
s − E[s N ]

= ∞ for all sufficiently small ε > 0. (2.1)

ote that E[N ] < ∞ is sufficient for (2.1). In what follows we also assume that, given N , the
eights A1, A2 are a.s. positive and are not degenerate at 1. More precisely, we suppose that

for every m ∈ N

P[A1 > 0, A2 > 0, . . . , Am > 0|N = m] = 1 (2.2)

and for some m such that P[N = m] > 0 it holds

P[A1 = 1, A2 = 1, . . . , Am = 1|N = m] < 1. (2.3)

or the sake of transparency we shall further suppose that

E[N ] ∈ (1,∞], (2.4)

hich is the standard supercriticality condition and which ensures that our branching process
urvives with a positive probability. Note that if E[N ] ≤ 1 then either P[N = 1] = 1 and the
ranching is degenerate, or P[N = 1] < 1, E[N ] ≤ 1 and the process dies out with probability
ne. The Eq. (1.1) in both cases can be treated using our methods.

We now turn our attention to the probabilistic interpretation of the solution to (1.2) which we
hall use to establish the existence and uniqueness result. We hinge on ideas presented in [12].

ore precisely we shall work with a (marked) continuous-time branching random walk which
an be described in the following fashion. At time t = 0 one particle is placed at the origin
f the real line R. After a random amount of time, distributed according to the unit mean
xponential law, the particle splits into a random number N of new particles which are placed
t random points of R given by a point process

ζ =

N∑
k=1

δZk , Zk = log Ak .

rom here each particle reproduces in exactly the same way independently from other particles.
n particular, the relative positions of particles with respect to their mother are distributed
ccording to a copy of ζ . Denote by T∞ ⊆

⋃
n≥0 Nn , where N0

:= {∅}, the (full) Galton–
atson tree of the underlying population with the Ulam–Harris labelling, that is, we label

he root with ∅ and for each x ∈ T∞ we label its children with xi where 1 ≤ i ≤ N (x),
ith N (x) denoting the number of children of x . For x, y ∈ T∞, the notation y ≤ x means

hat y belongs to the unique path connecting ∅ and x or, equivalently, y is an ancestor of
x . To model the dynamics of the process suppose that each vertex x ∈ T∞ is equipped with
E(x),U (x),C(x), Z1(x), Z2(x), . . .) which is an independent copy of (E,U,C, Z1, Z2, . . .),
here E denotes a unit mean exponential random variable independent of (U,C, Z1, Z2, . . .)

nd U is a random variable independent of (E,C, Z1, Z2, . . .) with a law that will be specified
ater. Suppose that the triple (E(x),U (x),C(x)) is attached to the vertex x ∈ T and Z (x) is
∞ i
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t

o
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Fig. 1. A realization of a marked continuous-time branching random walk. The horizontal thick line represents a
fixed time t > 0. Note that no dashed lines emanating from the vertex 33 downward means that N (33) = 0. On
he figure it is also assumed that E(∅) + E(3) + E(33) > t , that is, the particle 33 dies after time t . The tree

discovered up to time t is Tt = {∅, 1, 2, 3, 11, 12, 31, 32, 33} and consists of all vertices above the thick line. The
set of particles alive at time t is ∂Tt = {2, 11, 12, 31, 32, 33} and consists of vertices above the thick line which
have not split above this line. The set of particles removed from the system by time t is T ◦

t = {∅, 1, 3}.

attached to the edge between x and xi . For every particle x ∈ T∞ we define its time of birth
B(x) and the time of death D(x) by the formulas

B(∅) = 0, B(x) =

|x |−1∑
k=0

E(x|k), |x | ≥ 1,

D(x) =

|x |∑
k=0

E(x|k) = B(x) + E(x), x ∈ T∞,

where x|k is the kth vertex in the unique path from the root ∅ to x and |x | denotes the length
f this path. Note that E(x) is therefore interpreted as the lifetime of particle x ∈ T∞. Denote
y Tt ⊆ T∞ the tree discovered up to time t > 0, given by

Tt = {x ∈ T∞ : B(x) ≤ t}.

The set of particles alive at time t is given by

∂Tt = {x ∈ T∞ : B(x) ≤ t < D(x)}.

The relative complement of ∂Tt , that is

T o
t = Tt \ (∂Tt ) = {x ∈ T∞ : D(x) ≤ t},

represents the particles removed from the system by time t . Both collections ∂Tt and T o
t will

play a significant role in the forthcoming construction of the probabilistic representation of the
solutions to (1.2). A possible realization of the marked branching process described above is
depicted on Fig. 1.

A continuous-time branching random walk is a branching process with a spatial component.
The position V (x) of x ∈ T∞ is obtained by summing the edge weights along the unique path
from the root ∅ to x . Thus, for x ∈ T∞,

V (x) =

|x |∑
Zx|k (x|k−1).
k=1
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Therefore, the positions of particles present in the system at time t ≥ 0 are given by the point
rocess

Zt =

∑
x∈∂Tt

δV (x).

he measure-valued process Z = (Zt )t≥0 is called a continuous time branching random walk.
Note that the variables (U (x),C(x))x∈T∞

did not play a role so far in the construction of Z .
e shall now make use of them for two markings. The first one is given via an independent
arking of Z with independent copies of U , namely

XU,t =

∑
x∈∂Tt

δV (x) ⊗ δU (x), t ≥ 0.

The point process (XU,t )t≥0 will be mainly used to control the contribution of the initial value
by taking U = R, where, recall, R is a generic random variable distributed according to ν0, but
t will be also applied in a slightly different aspect (with a differently distributed U ) as well.

The second component needed to construct φt controls the contribution of the inhomoge-
eous terms (shifts) C(x). Put

Ct =

∑
x∈T o

t

δV (x) ⊗ δC(x), t ≥ 0.

inally, define W = (Wt )t≥0 via

Wt = XR,t + Ct , t ≥ 0, (2.5)

here R is distributed according to ν0.
Our first main result provides an explicit form of a unique solution to (1.2) which turns out

o be the characteristic function of a certain integral with respect to the point process Wt .

heorem 2.1. Assume (2.1), (2.2), (2.3) and (2.4). Then in the class (1.4) there exists a unique
olution to (1.2) given by φt (ξ ) = E exp{iξWt }, where

Wt =

∫
evz Wt (dv, dz)

and Wt is defined by (2.5).

The proof of Theorem 2.1 given in Section 3 utilizes (1.6) and the branching properties of
XU,t and Ct which will also be discussed in Section 3.

Remark 2.2. Probabilistic interpretations of the solutions to (1.1) on various levels of
generality have a long history. For the original Kac model a probabilistic interpretation was
given by McKean in [26]. A probabilistic representation for the inelastic Kac model is contained
in [6] and further refinements can be found in [4,5,12]. In the context of propagation of chaos
other types of probabilistic representation have been proposed in [15,16]. A particular case
of Theorem 2.1 with N = 2 can be extracted from Proposition 4 in [7]. In particular, the
decomposition Wt = X R,t + Ct is very similar in spirit to the decomposition right before
Proposition 4 in [7]. A detailed comparison of the approaches to probabilistic representations
of solutions to (1.1) via random labelled N -ary recursive trees (proposed in [4,7]) and via
continuous-time branching random walks (proposed in [12]) can be found in Remark 2.7
in [12].
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2.2. Asymptotics

We shall now explain how one can use the asymptotic behaviour of Wt to show that φt ,
appropriately scaled, possesses a non-trivial limit as t → ∞. It turns out that the underlying
branching process, by a change of measure argument, is related to a compound Poisson process.
The asymptotic of the latter is described in terms of the function Φ : [0,∞) → [−1,+∞]
defined by

Φ(s) = E

[
N∑

k=1

As
k

]
− 1, s ≥ 0.

Let D =

{
t > 0 : E

[∑N
k=1 At

k

]
< ∞

}
and assume that D is not empty. Note that Φ(0) =

E[N ] − 1 and, particularly, E[N ] < ∞ iff Φ(0) < ∞. Moreover, by the merit of Hölder’s
inequality, D is a convex set. The function Φ is continuous and strictly convex on the open
interval int(D).

The fundamental object in our context is the so-called additive martingale

Mt (γ ) = e−Φ(γ )t
∫

eγ vZt (dv), γ ∈ D (2.6)

If Φ(γ ) > γΦ ′(γ ), then under some mild moment assumptions, see Lemma 5.1, Mt (γ )
converges almost surely and in L1 to a random variable M∞(γ ) which is almost surely positive
on the set {|T∞| = ∞}. If, on the other hand, Φ(γ ) ≤ γΦ ′(γ ) then Mt (γ ) still has a
nontrivial limit in a weaker sense (in probability or distribution) after a polynomial rescaling.
The martingale limits M∞(γ ) will appear naturally in our arguments.

As Wt = XR,t + Ct it is convenient to express Wt as a sum of two terms X R,t and Ct

defined by the following identities. Put

XU,t :=

∫
evu XU,t (dv, du), t ≥ 0, (2.7)

where U denotes some random variable (we use here U instead of R, because this notation
ill be applied below in various contexts) and

Ct :=

∫
evc Ct (dv, dc), t ≥ 0. (2.8)

n our settings we shall scale this processes using the so-called spectral function given by

µ(s) = Φ(s)/s, s ∈ D .

Since Φ is strictly convex, the spectral function µ can possess at most one minimizer γ ∗. If
it exists, it is then the unique solution to the equation µ′(γ ∗) = 0, or equivalently Φ(γ ∗) =

γ ∗Φ ′(γ ∗). We shall mainly consider values of γ smaller than γ ∗. However, since we do not
assume existence of γ ∗, instead of referring to the inequality γ < γ ∗, we shall use the condition
µ′(γ ) < 0, or equivalently Φ(γ ) > γΦ ′(γ ). The latter condition will allow us to control the
ynamics of X R,t provided (roughly speaking) that the distribution of R lies in the domain of
ormal attraction of a stable law of index γ ∈ (0, 2]. More specifically (and similarly to [7,12])

in some cases we shall work under the following assumptions imposed on the initial condition
ν . We say that condition (H ) is satisfied if:
0 γ
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• for γ = 1 one of the following conditions (a) or (b) is fulfilled:

(a)
∫

|x |ν0(dx) < ∞ and in this case we put m0 =
∫

xν0(dx);
(b) we have

lim
x→+∞

xν0(x,+∞) = lim
x→−∞

|x |ν0(−∞, x) = c0 ∈ (0,∞),

and

lim
T →+∞

∫
[−T,T ]

xν0(dx) = m0 ∈ (−∞,∞);

• for γ = 2, σ 2
0 =

∫
x2ν0(dx) < ∞ and

∫
xν0(dx) = 0;

• for γ ∈ (0, 1) ∪ (1, 2) it holds

lim
x→+∞

xγ ν0(x,+∞) = c+

0 , lim
x→−∞

|x |
γ ν0(−∞, x) = c−

0

with c+

0 + c−

0 > 0. If γ > 1, then furthermore
∫

xν0(dx) = 0.

he process (X R,t )t≥0 is related to the homogeneous kinetic equation. More precisely, consider
he equation{

∂t φ̃t = Q̃φ̃t − φ̃t ,

φ̃0(ξ ) = φ0(ξ ) = E[exp{iξ R}];
(2.9)

here Q̃ is the homogeneous smoothing transform obtained from (1.3) by putting C := 0, that
s,

Q̃φ(ξ ) = E

[
N∏

k=1

φ(Akξ )

]
.

nder mild hypotheses, see Proposition 2.5 in [12], φ̃t (ξ ) = E[exp{iξ X R,t }] is a unique solution
o (2.9) and its asymptotic depends on the sign of µ′(γ ) (or in other words on the mutual
osition of γ and γ ∗, if γ ∗ exists). We state below results proved2 in [4,12,13]. Assume that
ondition (Hγ ) holds.

• If µ′(γ ) < 0, then

e−µ(γ )t X R,t
d

→ X∞, t → ∞. (2.10)

• If µ′(γ ) = 0, then

t
1

2γ e−µ(γ )t X R,t
d

→ X∞, t → ∞. (2.11)

• If µ′(γ ) > 0, and γ ∗ exists, then

t
3

2γ ∗ e−µ(γ ∗)t X R,t
d

→ X∞, t → ∞. (2.12)

et us emphasize here that in the sequel we shall use only (2.10), but we present here all
ossible results for X R,t to provide the reader with a general overview. In all the cases the
imit satisfies the following stochastic fixed-point equation

X∞

d
= Lµ(γ∧γ ∗)

N∑
k=1

Ak Xk,∞,

2 Note that in [4,12] the authors assume that N is a constant, however this hypothesis is superfluous and can
e easily replaced by (2.1) and (2.4).
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where (Xk,∞)k∈N are independent copies of X∞, L is uniformly distributed on (0, 1) and
N , A1, A2, . . .), L , (Xk,∞)k∈N are mutually independent. All the above results can be stated
n terms of the characteristic functions and since the most relevant for us will be the regime
hen (2.10) holds, we provide further details only in this case. Let

ĝγ (ξ ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
eim0ξ , if γ = 1 and (H1(a)) holds,
eim0ξ−πc0|ξ |, if γ = 1 and (H1(b)) holds,
e−σ 2

0 ξ
2/2, if γ = 2 and (H2) holds,

e−k0|ξ |γ (1−ib0 tan(πγ/2))sgn(ξ ), if γ ∈ (0, 1) ∪ (1, 2) and (Hγ ) holds;

where

k0 = (c+

0 + c−

0 )
π

2Γ (γ ) sin(πγ/2)
, b0 =

c+

0 − c−

0

c+

0 + c−

0
.

hen convergence (2.10) is equivalent to

φ̃t (e−µ(γ )tξ ) = E
[
eiξe−µ(γ )t X t

]
→ φ̃∞(ξ ) = E

[
eiξ X∞

]
, t → ∞,

here the limiting function has a representation in terms of the martingale limit

φ̃∞(ξ ) = E
[
eiξ X∞

]
= E

[
ĝγ (ξM1/γ

∞
(γ ))

]
, ξ ∈ R, (2.13)

ee Theorem 2.2 in [4].
Taking into account the above results for X R,t , to describe the behaviour of Wt = X R,t +Ct

for large t , it is necessary to understand the asymptotic behaviour of Ct defined in (2.8). We
ummarize the results in the following two theorems. The first one treats the case when C has
non-zero mean. In this case we assume

E[C] ̸= 0, E|C |
p < ∞ for some p > 1, 1 ∈ int(D) and µ′(1) < 0. (2.14)

e shall consider three subcases:

(A) Φ(1) > 0 and (2.14) holds;
(B) Φ(1) = 0 and (2.14) holds;
(C) Φ(1) < 0 and (2.14) holds.

heorem 2.3. Assume (2.1), (2.2), (2.3) and (2.4). The following limit relations hold true:

(a) under condition (A),

e−µ(1)t Ct
P

→
E[C]
Φ(1)

M∞(1), t → ∞;

(b) under condition (B),
1
t

Ct
P

→ E[C]M∞(1), t → ∞;

(c) under condition (C),

Ct
P

→ C∞ :=

∑
x∈T∞

eV (x)C(x), t → ∞,

where C∞ is a.s. finite and satisfies the equality in distribution

C∞

d
=

N∑
AkCk,∞ + C, (2.15)
k=1
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with (Ck,∞)k∈N being independent copies of C∞ also independent of (C, N , A1,

A2, . . .).

To state the results in the zero-mean case we need the following sets of conditions:

(D) E[C] = 0, E[|C |
p] < ∞ and Φ(p) < 0 for some p ∈ (1, 2], and µ′(1) < 0;

(E) E[C] = 0, 2 ∈ int(D), Φ(2) > 0, µ′(2) < 0 and E[C2] ∈ (0,∞).

Theorem 2.4. Suppose that (2.1), (2.2), (2.3) and (2.4) are satisfied. Then,

(d) under condition (D),

Ct
P

→ C∞, t → ∞.

(e) under condition (E),

e−µ(2)t Ct
d

→

√
M∞(2)(E[C2])/Φ(2) N, t → ∞,

where N is a standard normal random variable independent of the martingale limit
M∞(2).

emark 2.5. The inhomogeneous stochastic fixed-point equation of the form (2.15) has
eceived considerable attention in the past decades. For example, the set of solutions has been
haracterized in [1] (case of nonnegative C) and [2] (two-sided case). In particular, under the
ssumptions (C) or (D), Theorem 2.3 in [2] implies that the set of solutions is indeed nonempty
nd provides a description of all the solutions. The variable C∞ appearing in Theorems 2.3

and 2.4 is a particular solution.

Theorems 2.3 and 2.4 will be proved in Section 5 with the only exception being the case
(E) in Theorem 2.4. The latter will follow from case (E) in Theorem 2.6 by taking R = 0, that
is ν0 = δ0.

In order to formulate our results concerning asymptotic behaviour of Wt one needs to
compare the influence of Ct (Theorems 2.3 and 2.4) with X R,t (formulas (2.10) – (2.12)).
Observe that our results concerning the asymptotic behaviour of Ct are stated either under the
assumption µ′(1) < 0 or under the assumption µ′(2) < 0. In both cases µ(γ ∗) (assuming
that γ ∗ exists) is strictly smaller than µ(1) or µ(2). Thus, in the regimes (2.11) and (2.12) Ct
always grows faster than X R,t . Furthermore, this still holds true if we replace the condition (Hγ )
(needed, for (2.11) and (2.12)) with an appropriate moment assumption on ν0. Summarizing,
we shall only consider below X R,t either in the regime (2.10), that is, when µ′(γ ) < 0
(Theorems 2.8 and 2.9) or under some moment assumptions on ν0 ensuring that Ct grows
faster than X R,t (Theorem 2.9).

Recall that Theorem 2.1 implies φt (ξ ) = E exp{iξWt } = E exp{iξ (X R,t + Ct )}. We start
ith the case when influence of both ingredients Ct and X R,t is comparable. The following

result will be proved in Section 6.

Theorem 2.6. Assume that (2.1), (2.2), (2.3) and (2.4) are satisfied.

• If conditions (A) and (H1) are satisfied, then

φt (e−µ(1)tξ ) = E
[
eiξe−µ(1)t Wt

]
→ E

[
ĝ1(ξM∞(1))eiξE[C]/Φ(1)·M∞(1)], t → ∞.

• If conditions (C) and (Hγ ) are satisfied for some γ < 1 such that Φ(γ ) = 0, then[ iξWt
] [ 1/γ iξC∞

]

φt (ξ ) = E e → E ĝγ (ξM

∞
(γ ))e , t → ∞,
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• If conditions (D) and (Hγ ) are satisfied for some γ < p such that Φ(γ ) = 0, then

φt (ξ ) = E
[
eiξWt

]
→ E

[
ĝγ (ξM1/γ

∞
(γ ))eiξC∞

]
, t → ∞,

• If conditions (E) and (H2) are satisfied, then

φt (e−µ(2)tξ ) = E[eiξe−µ(2)t Wt ] → E exp
{
−ξ 2 (M∞(2)(σ 2

0 + E[C2]/Φ(2)
)
/2
}
, t → ∞.

emark 2.7. Note that if condition (B) holds, then Ct/t converges in probability and there is
o regime in which X R,t also grows linearly meaning that Ct and X R,t cannot be of the same
agnitude. This explains why the case (B) is excluded in Theorem 2.6.

Now we consider the case when X R,t dominates over Ct and thus determines asymptotic
ehaviour of Wt . Our next result is a direct consequence of the Slutsky theorem.

heorem 2.8. Assume (2.1), (2.2), (2.3) and (2.4). Suppose further that one of the following
et of conditions holds:

• (A) and (Hγ ) for γ < 1;
• (B) and (Hγ ) for γ < 1;
• (C) and (Hγ ) for γ < 1 and Φ(γ ) > 0;
• (D) and (Hγ ) for γ < p and Φ(γ ) > 0;
• (E) and (Hγ ) for γ < 2.

hen

φt (ξe−µ(γ )t ) → E exp(iξ X∞), t → ∞,

here the characteristic function on the right-hand side is given by (2.13).

Finally, when Ct dominates, we do not need to refer to conditions (Hγ ) and, instead,
niteness of certain moments of R is sufficient.

heorem 2.9. Assume that (2.1), (2.2), (2.3) and (2.4) are satisfied. Then,

• If (A) holds and, further, E[R] = 0 and E[|R|
1+δ] < ∞ for some δ > 0, then

e−µ(1)t Wt
P

→
E[C]
Φ(1)

M∞(1) and φt (e−µ(1)tξ ) → E exp(iξ (E[C])M∞(1)/Φ(1)), t → ∞.

• If (B) holds and, further, either condition (H1(b)) holds, or E[R] = 0 and E[|R|
1+δ] < ∞

for some δ > 0, then

1
t

Wt
P

→ E[C]M∞(1) and φt (t−1ξ ) → E exp(iξ (E[C])M∞(1)), t → ∞.

• If (C) holds and, further, there exists γ < 1 such that Φ(γ ) < 0 and E[|R|
γ ] < ∞,

then

Wt
P

→ C∞ and φt (ξ ) → E exp(iξC∞), t → ∞.

• If (D) holds and, further, there exists γ < p such that Φ(γ ) < 0, E|R|
γ < ∞ and

E[R] = 0, if γ > 1, then

W
P

→ C and φ (ξ ) → E exp(iξC ), t → ∞.
t ∞ t ∞
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Note that there is no case (E) in Theorem 2.9 since it is essentially contained in the fourth
art of Theorem 2.6. We provide a short proof of Theorem 2.9 in Section 6. Theorems 2.6,
.8 and 2.9 are complementary to the results proved in [7, Proposition 3], where the authors
ssumed that N = 2 a.s. and were interested in the convergence of νt to a fixed point of an
nhomogeneous smoothing transform, without any additional scaling. Those results correspond
o our cases (C) and (D). Hypothesis (H2) in [7] entails our condition (C), however, when
[C] = 0, assumption (H3) in [7] and condition (D) are of different nature. Finally, notice that
ur results do not provide the rate of convergence as the results of [7].

. Utilizing the branching property: proof of Theorem 2.1

In this section we shall demonstrate how one can use the branching property of continuous-
ime branching random walks to prove the existence and uniqueness of solutions to (1.2).
he key fact that we are going to use throughout this section is that given Tt the collections

(E(x),U (x),C(x), Z1(x), Z2(x), . . .))x∈T∞,x≥y for y ∈ ∂Tt are conditionally i.i.d.
The process Yt = |∂Tt | which counts the number of particles in ∂Tt is usually called a

ontinuous-time branching process or a Yule process, see [3, Chapter III]. Note that, according
o (2.1), Yt is finite a.s. for each t ≥ 0. Moreover, by the memoryless property of the exponential
istribution, Y = (Yt )t≥0 is a Markov process with the jump rates

P [Y (t + dt) = k | Y (t) = j] = jP[N = k − j + 1]dt + o(dt) (3.1)

or k ≥ j − 1.
We shall now state the branching property for (XU,t )t≥0 and (Ct )t≥0 that will be utilized in

he proof of Theorem 2.1. First, note that for t, s > 0, XU,t+s can be written in the following
ashion

XU,t+s =

∑
y∈∂Ts

∑
x∈∂Tt+s ,y≤x

δV (x)−V (y)+V (y) ⊗ δU (x).

hus, if we denote for y ∈ ∂Ts

X (y)
U,s,s+t =

∑
x∈∂Tt+s ,y≤x

δV (x)−V (y) ⊗ δU (x),

hen the previous relation takes the form

XU,t+s(·, ·) =

∑
y∈∂Ts

X (y)
U,s,s+t (· − V (y), ·). (3.2)

he key feature of this representation is the following property. For every fixed s ≥ 0, given
Ts , the point processes (X (y)

U,s,s+t (·, ·))t≥0, y ∈ ∂Ts are independent copies of XU,t . In other
ords, XU,t+s is a sum of |∂Ts | (conditionally) independent copies of XU,t appropriately

hifted. The process C = (Ct )t≥0 also enjoys a version of the branching property. For s, t ≥ 0
t holds

Ct+s = Cs(·, ·) +

∑
y∈∂Ts

C (y)
s,s+t (· − V (y), ·) (3.3)

ith

C (y)
s,s+t =

∑
x∈∂Tt+s ,y≤x

δV (x)−V (y) ⊗ δC(x), y ∈ ∂Ts .

(y)
nce again, for every fixed s ≥ 0, given ∂Ts , (Cs,s+t )y∈∂Ts are independent copies of Ct .
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Using (3.2) and (3.3) we can write, with W (y)
s,s+t = X (y)

R,s,s+t + C (y)
s,s+t ,

Wt+s(·, ·) = Cs(·, ·) +

∑
y∈∂Ts

W (y)
s,s+t (· − V (y), ·). (3.4)

The notation introduced so far allows for a probabilistic representation of the solutions
to (1.2).

Proof of Theorem 2.1. We intend to prove that the function

ψt (ξ ) = E
[
eiξWt

]
, t ≥ 0, ξ ∈ R,

is the unique solution to Eq. (1.2). Recall also that φ0 is the characteristic function of R.
First we prove that the function ψt satisfies Eq. (1.2). The argument follows the proof of
[12, Proposition 2.5] with some slight changes. We first establish an auxiliary continuity
estimate for ψt . Take t > s and recall that under our standing assumptions Ys is a.s. finite.
Using (3.1) we write

|ψt (ξ ) − ψs(ξ )| ≤ 2P
[
there are splits during [s, t]

]
≤ 2E

[
1 − e−(t−s)Ys

]
→ 0, s → t,

by an appeal to the dominated convergence theorem. Now define the filtration (Fs)s≥0
via

Fs = σ
(
(E(x),C(x), (Zk(x))k≥0 : x ∈ Ts

)
and use (3.4) to write for s < t ,

ψt (ξ ) = E
[
E
[

exp {iξWt }| Fs
]]

= E
[
E
[

exp
{

iξCs +

∑
y∈∂Ts

iξeV (y)
∫

evzW (y)
s,t (dv, dz)

}⏐⏐⏐Fs

]]
.

The measurability of Cs with respect to Fs yields

ψt (ξ ) = E
[

eiξCs
∏

y∈∂Ts

ψt−s
(
ξeV (y))]. (3.5)

We shall use this formula to study left and right derivatives of ψt with respect to t . For
h ∈ (0, t), by considering the number of splits that occur within the time interval [0, h], we
rrive at

ψt (ξ ) =E
[

eiξCh
∏

y∈∂Th

ψt−h
(
ξeV (y))1{no splits during [0, h]

}]
+ E

[
eiξCh

∏
y∈∂Th

ψt−h
(
ξeV (y))1{one split during [0, h]

}]+ o(h)

=ψt−h(ξ )e−h
+ E

[
eiξC

N∏
k=1

ψt−h(ξ Ak)

]
h + o(h).

ividing both sides by h, sending h → 0+ and using the continuity estimate established at the
eginning of the proof yields

∂−

t ψt (ξ ) + ψt (ξ ) = E
[

eiξC
N∏
ψt (ξ Ak)

]
= Q̂ψt (ξ ).
k=1
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If we now replace t with t + h, put s = h in (3.5), and then send h → 0+ we conclude that
+
t ψt = ∂−

t ψt . Thus, ψ is indeed a solution of (1.2) as claimed.
To prove uniqueness of the solution we adopt to our settings the arguments provided in the

roof of [13, Proposition 1.4]. Let φt be any solution to (1.2). Going back to (1.6) write

φt (ξ ) = P[E(∅) > t]φ0(ξ ) + E
[
1{E(∅)≤t}Q̂φt−E(∅)(ξ )

]
= E

⎡⎣ ∏
x∈∂Tt ,|x |≤1

φ0
(
eV (x)ξ

) ∏
x∈T o

t , |x |≤0

eiξeV (x)C(x)
∏

x∈T o
t , |x |=1

φt−D(x)
(
eV (x)ξ

)⎤⎦ .
terating the above equation n times gives

φt (ξ ) = E

⎡⎣ ∏
x∈∂Tt ,|x |≤n

φ0
(
eV (x)ξ

) ∏
x∈T o

t , |x |≤n−1

eiξeV (x)C(x)
∏

x∈T o
t , |x |=n

φt−D(x)
(
eV (x)ξ

)⎤⎦ .
nder assumption (2.1), ∂Tt and T o

t are both finite a.s. and therefore all three products under
he expectation have a.s. finite limits as n → ∞. Furthermore, the limit of the third product is
ne. An appeal to the dominated convergence theorem gives

φt (ξ ) = E

⎡⎣ ∏
x∈T o

t

eiξeV (x)C(x)
∏

x∈∂Tt

φ0
(
eV (x)ξ

)⎤⎦ , t ≥ 0, ξ ∈ R.

Recalling that φ0 is the characteristic function of the random variable R we obtain

φt (ξ ) = E
[ ∏

x∈T o
t

eiξeV (x)C(x)
∏

x∈∂Tt

eiξeV (x) R(x)
]

= E
[
eiξCt eiξ X R,t

]
= E

[
eiξWt

]
= ψt (ξ )

or t ≥ 0, ξ ∈ R. The proof is complete. □

. Many-to-one lemmas

One of the most useful tools in the analysis of branching random walks are many-to-
ne lemmas. It turns out that one can express the expectation of a statistic, which depends
n the entire collection of particles, in terms of a trajectory of one, tagged, particle after
n appropriate change of measure. The claims of these lemmas follow from general theory
see [20, Theorem 8.2]). We shall however present the details for the readers convenience. For
∈ D denote

λ(α) = logE
[∑

|x |=1

eαV (x)
]

= log
(
Φ(α) + 1

)
nd consider a standard zero-delayed random walk S(α)

=
(
S(α)

n

)
n≥0 with increments having

istribution defined by the formula

E
[
h
(
S(α)

1

)]
= E

[∑
|x |=1

eαV (x)−λ(α)h(V (x))
]

(4.1)

or any bounded measurable function h : R → R. Furthermore, let η = (ηt )t≥0 be
homogeneous Poisson process on [0,∞) given via

η = # {k ≥ 1 : T ≤ t} , t ≥ 0,
t k
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where Tk =
∑k

j=1 E j , k ∈ N, and (E j ) j≥1 is a sequence of i.i.d. random variables with the
unit mean exponential distribution. Next lemma is the aforementioned many-to-one formula
for Markov branching process specialized to the continuous time random walk

(
S(α)
ηt

)
t≥0, see

20, Theorem 8.2]. In what follows S(α), η and U are assumed to be independent.

Lemma 4.1 (Many-To-One Formula I). Assume (2.1), (2.2), (2.3) and D ̸= ∅. Under the
ntroduced notation, for any α ∈ D , t ≥ 0 and any measurable function g :R2

→ [0,∞),

E
[∫

g(v, x) XU,t (dv, dx)
]

= E
[
e−αS(α)

ηt +λ(α)ηt g
(
S(α)
ηt
,U
)]
. (4.2)

roof. Define for n ∈ N ∪ {0,∞},

Fn(t, z) =

{
E
[∫

g(z + v, x) X n
U,t (dv, dx)

]
, t ≥ 0,

E
[
g(z,U )

]
, t < 0,

here

X n
U,t =

∑
x∈∂Tt ,|x |<n

δV (x) ⊗ δU (x), t ≥ 0.

hen X ∞

U,t = XU,t and thus F∞(t, 0) is equal to the left-hand side of (4.2). Note also that
F0(t, z) = 0 for t ≥ 0. Utilizing the branching property of X n

U,t and recalling (4.1) we obtain,
or finite n ≥ 1,

Fn(t, z) = E
[
1{E(∅)≤t}

∑
|y|=1

Fn−1(t − E(∅), z + V (y)) + 1{E(∅)>t}g(z,U )
]

= E
[
e−αS(α)

1 +λ(α)1{E1≤t}Fn−1
(
t − E1, z + S(α)

1

)
+ 1{E1>t}g(z,U )

]
= E

[
exp

{
−αS(α)

η
(1)
t

+ λ(α)η(1)
t
}

Fn−1
(
t − T1, z + S(α)

η
(1)
t

)]
,

here

η
(k)
t = #

{
1 ≤ j ≤ k : T j ≤ t

}
, t ≥ 0, k ∈ N.

pon iterating n times the above formula for Fn(t, z) we deduce

Fn(t, z) = E
[
exp

{
−αS(α)

η
(n)
t

+ λ(α)η(n)
t
}

F0
(
t − Tn, z + S(α)

η
(n)
t

)]
= E

[
exp

{
−αS(α)

ηt
+ λ(α)ηt

}
g
(
z + S(α)

ηt
,U
)
1{Tn>t}

]
.

utting z = 0 in the above equality and sending n → ∞ yields (4.2) in view of the monotone
onvergence theorem. □

For t ≥ 0 and γ ∈ R define

Z t (γ ) =

∫
eγ vZt (dv) =

∑
x∈∂Tt

eγ V (x). (4.3)

direct consequence of Lemma 4.1 is the following formula, valid for γ ∈ D ,

E
[
Z t (γ )

]
= E

[∫
eγ v Zt (dv)

]
= etΦ(γ ), t ≥ 0. (4.4)
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We mention in passing that the above formula combined with the branching property of
X stated in (3.2) can be used to check that Mt (γ ) defined in (2.6) is indeed a martingale.

ifferentiating both sides of the above equation with respect to γ yields that for γ ∈ int(D),

E
[∫

veγ v Zt (dv)
]

= tΦ ′(γ )etΦ(γ ) and

E
[∫

v2eγ v Zt (dv)
]

=
(
tΦ ′′(γ ) + t2(Φ ′(γ ))2) etΦ(γ ).

e shall also use a simple consequence of the Marcinkiewicz–Zygmund inequality, see
heorem 10.3.2 in [14]. If E[U ] = 0, then, for any p ∈ [1, 2] and γ > 0 such that pγ ∈ D ,

here exists a universal constant cp > 0 that depends only on p such that

E[|XU,t |
p] = E

[⏐⏐⏐⏐∫ eγ vuXU,t (dv, du)
⏐⏐⏐⏐p]

≤ cpE

[(∫
e2γ vu2XU,t (dv, du)

) p
2
]

≤ cpE
[∫

epγ v
|u|

pXU,t (dv, du)
]

= cpE
[∫

epγ vZt (dv)
]
E
[
|U |

p]
= cpetΦ(pγ )E

[
|U |

p] .
(4.5)

n the above chain of estimates the first one is the aforementioned Marcinkiewicz–Zygmund
nequality, the second one follows from subadditivity of x ↦→ |x |

p/2, for p ∈ [1, 2], and the
nal equality follows from (4.4).

Our next lemma is a less standard one. In view of similarities with the previous result we
hall also refer to it as a many-to-one formula.

emma 4.2 (Many-To-One Formula II). Assume (2.1), (2.2), (2.3) and D ̸= ∅. For every
∈ D , every measurable function g :R2

→ [0,∞) and every t ≥ 0,

E
[∫

g(v, c) Ct (dv, dc)
]

= E
[ηt −1∑

k=0

e−αS(α)
k +λ(α)k g

(
S(α)

k ,C
)]
, (4.6)

here C is independent of S(α) and η on the right-hand side.

roof. We shall use the same procedure as in the proof of Lemma 4.1. Define, for n ∈

∪ {0,∞},

Hn(t, z) =

{
E
[∫

g(z + v, c) C n
t (dv, dc)

]
, t ≥ 0,

0, t < 0,

where

C n
t :=

∑
x∈T o

t ,|x |<n

δV (x) ⊗ δC(x), t ≥ 0.

In particular, H0(t, z) = 0. As in the previous lemma we shall use the branching property of
C n

t . For a finite n ∈ N, it holds

Hn(t, z) = E
[∑

|y|=1

Hn−1(t − E(∅), z + V (y)) + g(z,C)1{E(∅)≤t}

]
= E

[
e−αS(α)

1 +λ(α) H
(
t − E , z + S(α))

+ 1 g(z,C)
]
.
n−1 1 1 {E1≤t}
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Iterating the above equality yields

Hn(t, z) = E
[

exp
{
−αS(α)

η
(n)
t

+ λ(α)η(n)
t
}

H0
(
t − Tn, z + S(α)

n

)
+

η
(n)
t −1∑
k=0

e−αS(α)
k +λ(α)k g

(
z + S(α)

k ,C
) ]

= E
[η(n)

t −1∑
k=0

e−αS(α)
k +λ(α)k g

(
z + S(α)

k ,C
)]
.

aking z = 0 and sending n → ∞ yields the desired formula by an appeal to the monotone
convergence theorem. □

Assume that E[|C |
p] < ∞ for some p > 0. Then formula (4.6) entails

E
[∫

eγ v|c|p Ct (dv, dc)
]

= E
[
|C |

p]
·

{
etΦ(γ )

−1
Φ(γ ) , Φ(γ ) ̸= 0,

t, Φ(γ ) = 0,
(4.7)

or every γ ∈ D . Recall that Ct is defined via (2.8) and note that, given T o
t and (V (x))x∈T o

t
,

he variables (C(x))x∈T o
t

are independent copies of C . Thus, if E[C] = 0, we can apply the
arcinkiewicz–Zygmund inequality as we did in (4.5). This entails, for q ∈ [1, 2],

E
[
|Ct |

q]
≤ cqE

[∫
eqv

|c|q Ct (dv, dc)
]
. (4.8)

. Limits of the associated stochastic processes: proofs of Theorems 2.3 and 2.4

Having represented the solution to (1.2) as the characteristic function of the process (Wt )t≥0

e shall analyse the asymptotic behaviour of the latter. Recall the decomposition Wt =

t + X R,t with X R,t and Ct given via (2.7) and (2.8), respectively. The asymptotics of (X R,t )t≥0

s essentially determined by the condition (Hγ ) and the behaviour of the process (Mt (γ ))t≥0,
efined in (2.6), which is well-known from the literature, since

Mt (γ ) = e−Φ(γ )t
∫

eγ vZt (dv) = e−Φ(γ )t Z t (γ )

orms a so-called continuous-time additive martingale. Since it is positive, it converges a.s. to a
imit as t → ∞. It turns out that the limit is nondegenerate if and only if µ′(γ ) < 0. Whenever
′(γ ) ≥ 0, the martingale Mt (γ ) converges to 0 a.s. and a polynomial correction term is
ecessary to obtain a nondegenerate limit for a rescaled Mt (γ ). We sum up this discussion in
he following lemma, which follows from [8, Theorem 1.1].

emma 5.1. Assume (2.1), (2.2), (2.3) and (2.4). Suppose further that D ̸= ∅ and

E

[(
N∑

k=1

Aγk

)
log+

(
N∑

k=1

Aγk

)]
< ∞,

for some γ ∈ D . If µ′(γ ) < 0, then

lim Mt (γ ) = M∞(γ ) a.s. and in L1.

t→+∞
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Furthermore, P[M∞(γ ) > 0 | |T∞| = ∞] = 1 and also

lim
t→+∞

(
max
x∈∂Tt

γ V (x) − Φ(γ )t
)

= −∞ a.s. (5.1)

Note that 5.1 holds a.s. conditionally on the event {|T∞| = ∞}. However, on the
complementary event {|T∞| < ∞}, the set ∂Tt is empty for all large enough t > 0, and (5.1)
is still true if we interpret the maximum over the empty set as −∞.

We aim now to prove Theorem 2.3. To this end we apply a similar procedure as in the
proofs of Proposition 3.2 in [12] and Theorem 2.3 in [18]. First, we fix some θ > 0 and
nalyse the asymptotic behaviour of the discrete skeleton (Cθn)n≥0. At the second step we pass
o a continuous parameter by using an appropriate approximation argument. Note that for θ > 0
nd n ∈ N, branching property (3.3) yields

Cθ (n+1) = Cθn +

∑
x∈∂Tθn

eV (x)
∫

evc C (x)
θn,θ (n+1)(dv, dc),

nd C (n)
θ (x) :=

∫
evc C (x)

θn,θ (n+1)(dv, dc), x ∈ ∂Tθn , are conditionally independent copies of Cθ .
hus, recalling (4.3),

Cθ (n+1) = Cθn +

∑
x∈∂Tθn

eV (x)C (n)
θ (x)

= Cθn + (E[Cθ ]) · Zθn(1) +

∑
x∈∂Tθn

eV (x)(C (n)
θ (x) − E[Cθ ]

)
.

(5.2)

enote

Xk :=

∑
x∈∂Tθk

eV (x)(C (k)
θ (x) − E[Cθ ]

)
,

o that

Cθ (n+1) = E[Cθ ]
n∑

k=0

Zθk(1) +

n∑
k=0

Xk . (5.3)

roof of Theorem 2.3 in cases (a) and (b). We start with decomposition (5.3). The first term
n the right-hand side of (5.3) can be treated using Lemma 5.1. Indeed, since µ′(1) < 0,

lim
n→∞

e−θnΦ(1) Zθn(1) = lim
n→∞

Mθn(1) = M∞(1) a.s. (5.4)

o estimate the second term in (5.3), pick a constant q ∈ (1, 2] ∩ int(D) such that E|C |
q < ∞

nd µ′(q) < 0, then µ(1) > µ(q). Notice that Xk has the same distribution as XU (k),θk with the
ertices marks U (k)(x) = C (k)

θ (x) − E[Cθ ], x ∈ ∂Tθk . Inequalities (4.7), (4.8) yield

E
[⏐⏐C (n)

θ (x) − E[Cθ ]
⏐⏐q] < cq,θ ,

or some constant cq,θ . Thus, (4.5) entails

E[|Xn|
q ] ≤ cq,θeθnΦ(q).

or any fixed ε > 0 we can write using Markov’s inequality[⏐⏐ ⏐⏐ nθΦ(1)] −q −qnθΦ(1) q −q qnθ (µ(q)−µ(1))
P Xn > εe ≤ ε e E[|Xn| ] ≤ cq,θε · e .
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A standard application of the Borel–Cantelli lemma entails

e−nθΦ(1)Xn → 0 a.s. (5.5)

s n → ∞. We now argue case by case.
CASE (a): If Φ(1) > 0, then E[Cθ ] = E[C](eθΦ(1)

− 1)/Φ(1) by (4.7). Using the Stolz–
Cesáro lemma it is easy to check that the limit relation e−βkak → a∞, k → ∞, for some
equence of real numbers (an)n∈N, β > 0 and a∞ ∈ R, implies

e−βn
n∑

k=1

ak →
eβ

eβ − 1
a∞, n → ∞.

herefore, invoking (5.3) together with (5.4) and (5.5),

e−θnΦ(1)Cθ (n+1) =e−θnΦ(1)
n∑

k=0

(
E[C]

eθΦ(1)
− 1

Φ(1)
Zθk(1)+Xk

)
→

eθΦ(1)E[C]
Φ(1)

M∞(1) a.s.

CASE (b): If Φ(1) = 0, then E[Cθ ] = θE[C] by (4.7). Moreover, since Zθn(1) → M∞(1)
.s. by (5.4) and Xn → 0 a.s. by (5.5), another appeal to the Stolz–Cesáro lemma yields

1
nθ

C(n+1)θ → E[C]M∞(1) a.s.

To conclude the proof of Theorem 2.3 in cases (a) and (b) it remains to pass from the
discrete parameter nθ to the continuous parameter t in both cases. Take t > 0 and for θ > 0
let n = ⌊t/θ⌋. Utilizing (3.3), we conclude

E[|Ct − Cθn|] = E[|XCt−θn ,θn|].

ince, invoking (4.7),

E[|Ct−θn|] ≤ E
[∫

ev|c| Cθ (dv, dc)
]

≤ const · θE[|C |] < ∞,

e can bound the L1 norm of Ct − Cθn as follows

E [|Ct − Cθn|] ≤ E[Zθn(1)]E|Ct−θn| ≤ const · θeθnΦ(1)E[|C |].

his implies

lim
θ→0+

lim sup
t→∞

e−θnΦ(1)E [|Ct − Cθn|] = 0,

hich secures our claim. □

roof of Theorem 2.3 in case (c) and of Theorem 2.4 in case (d). Fix θ > 0. As in the
revious part, we shall first show the convergence along the sequence (θn)n≥0. We shall argue
ase by case.

CASE (d): If E[C] = 0, then (5.2) entails that (Cθn)n≥0 is a martingale. It is uniformly
ntegrable since for p ∈ (1, 2] ∩ D and Φ(p) < 0, invoking consecutively (4.5) and (5.2), we
btain

E
[
|Cθ (n+1) − Cθn|

p]
= E

[
|Xn|

p]
≤ cpE[|Cθ |

p]enθΦ(p).

s a consequence, the martingale (Cθn)n≥0 is bounded in L p and whence uniformly integrable

nd convergent.
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CASE (c): Recall decomposition (5.3). By an appeal to (5.4) the series
∑

∞

k=0 Zkθ (1)
is absolutely convergent a.s. Moreover, the process

∑n
k=0 Xk forms a uniformly integrable

martingale, which can be verified in the same way as in case (d).
In both cases we have shown

Cnθ → C∞ =

∫
evc C∞(dv, dc) =

∑
x∈T∞

eV (x)C(x).

he convergence Ct → C∞, t → ∞, can be checked in a similar fashion as in the proof of
heorem 2.3. □

Recall that case (e) of Theorem 2.4 follows from the proof of part (e) in Theorem 2.6 given
n the next section.

. Proof of Theorems 2.6 and 2.9

The convergence results obtained in the previous section allow us to prove Theorem 2.6.
e shall use an inhomogeneous version of Lemma 4.1 in [12].

emma 6.1. Assume that (rt )t≥0 is an integer-valued stochastic process such that rt
P

→ ∞,
s t → ∞. Suppose additionally that for every t ≥ 0 there is an array (ak,t )

rt
k=1 of a.s. positive

random weights and a stochastic process (bt )t≥0 such that
rt∑

k=1

aγk,t
P

→ a∞, max
k=1,...,rt

ak,t
P

→ 0 and bt
P

→ b∞, t → ∞,

for some γ ∈ (0, 2], a nonnegative random variable a∞ and a random variable b∞. Assume
that ν0 satisfies the condition (Hγ ) with the same γ as above. For a sequence (Rk)k∈N
of i.i.d. random variables distributed according to ν0 and which is independent of (rt )t≥0,
(ak,t )

rt
k=1 : t ≥ 0

)
and (bt )t≥0, put

St =

rt∑
k=1

ak,t Rk + bt .

Then, as t → ∞,

E
[
eiξ St

]
→ E

[
ĝγ (ξa1/γ

∞
)eiξb∞

]
, ξ ∈ R. (6.1)

Proof. Note that, for every fixed ξ ∈ R,

E exp(iξ St ) = E exp

(
iξbt +

rt∑
k=1

logφ0(ak,tξ )

)
,

where logφ0 is the principal branch of the logarithm of the characteristic function of R1. In
emma 4.1 in [12] it was proved that

exp

(
rt∑

k=1

logφ0(ak,tξ )

)
P

→ ĝγ (ξa1/γ
∞

), t → ∞.

Since bt
P

→ b∞, t → ∞, we also have

exp

(
rt∑

logφ0(ak,tξ ) + iξbt

)
P

→ ĝγ (ξa1/γ
∞

)eiξb∞ , t → ∞.
k=1
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By the Lebesgue dominated convergence theorem, which is applicable because⏐⏐⏐⏐⏐exp

(
rt∑

k=1

logφ0(ak,tξ ) + iξbt

)⏐⏐⏐⏐⏐ ≤ 1,

e obtain (6.1). □

roof of Theorem 2.6. The first three cases (A), (C) and (D) follow immediately from the
bove lemma. For the reader convenience we present here the proof of (C). By Lemma 5.1 and
sing that Φ(γ ) = 0, we obtain∑

y∈∂Tt

eγ V (y)
→ M∞(γ ) a.s. and max

y∈∂Tt
eV (y)

→ 0 a.s., t → ∞.

Further, by Theorem 2.3(c), Ct
P

→ C∞, t → ∞. Therefore, by Lemma 6.1 applied with
t = Yt = |∂Tt |, ay,t = eγ V (y), bt = Ct , it holds

E
[
eiξWt

]
→ E

[
ĝγ (ξM1/γ

∞
(γ ))eiξC∞

]
, t → ∞.

Let us now consider case (E). Fix θ > 0 and let us show that

e−µ(2)θn Wθn
d

→

√
M∞(2)(σ 2

0 + E[C]2/Φ(2))N, n → ∞, (6.2)

here N is a standard normal random variable which is independent of M∞(2).
Fix l ∈ N. Using the decomposition Wθn = X R,θn + Cθn and the branching properties (3.2)

nd (3.3), we can write

e−µ(2)θn Wθn =e−µ(2)θn(X R,θn + Cθn)

=

⎛⎝e−µ(2)θl
∑

y∈∂Tθ(n−l)

eV (y)−µ(2)θ (n−l)
(

X (y)
R,θl + C (y)

θ (n−l),θn

)⎞⎠+ e−µ(2)θnCθ (n−l),

here

C (y)
θ (n−l),θn :=

∫
evcC (y)

θ (n−l),θn(dv, dc) and X (y)
R,θl :=

∫
evrX (y)

R,θl(dv, dr ), y ∈ ∂Tθ (n−l).

ote that, for every y ∈ ∂Tθ (n−l), X (y)
R,θl +C (y)

θ (n−l),θn are independent copies of a random variable

Wθ,l := X R,θl + Cθl ,

nd are also independent of ∂Tθ (n−l) and (eV (y))y∈∂Tθ (n−l) . Since

E[Wθ,l] = 0 and E[W 2
θ,l] < ∞,

e can apply Lemma Eq. (6.1) with γ = 2, t = θ (n − l), ay,t := eV (y)−µ(2)t , rt = |∂Tt |,
∞ = M∞(2) and bt = 0, to conclude that∑

y∈∂Tθ (n−l)

eV (y)−µ(2)θ (n−l)
(

X (y)
R,θl + C (y)

θ (n−l),θn

)
d

→

√
M∞(2)E[Wθ,l]2N, n → ∞,

or every fixed l ∈ N. Thus, according to Theorem 3.2 in [9], in order to deduce (6.2) it remains
o prove that

lim e−Φ(2)θlE[W 2 ] = σ 2
+ E[C2]/Φ(2), (6.3)
l→∞
θ,l 0
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and that, for every ε > 0,

lim
l→∞

lim sup
n→∞

P
{⏐⏐e−µ(2)θnCθ (n−l)

⏐⏐ > ε
}

= 0. (6.4)

By Chebyshev’s inequality in order to prove (6.4) it suffices to check that

lim
l→∞

lim sup
n→∞

e−θnΦ(2)E[C2
θ (n−l)] = 0.

But this follows from the chain of estimates

e−θnΦ(2)E[C2
θ (n−l)]

(4.8)
≤ c2e−θnΦ(2)E

[∫
e2vc2Cθ (n−l)(dv, dc)

]
(4.7)
= c2E[C2]e−θnΦ(2) eθ (n−l)Φ(2)

− 1
Φ(2)

,

since Φ(2) > 0. Limit relation (6.3) can be checked by direct calculations:

EW 2
θ,l = E(X R,θl + Cθl)2

= E

⎛⎝ ∑
x∈∂Tθl

eV (x) R(x) +

∑
y∈T o

θl

eV (y)C(y)

⎞⎠2

= E

⎛⎝ ∑
x∈∂Tθl

eV (x) R(x)

⎞⎠2

+ E

⎛⎝∑
y∈T o

θl

eV (y)C(y)

⎞⎠2

= E[R2]E

⎡⎣ ∑
x∈∂Tθl

e2V (x)

⎤⎦+ E[C2]E

⎡⎣∑
y∈T o

θl

e2V (y)

⎤⎦
(4.7)
= σ 2

0 eθlΦ(2)
+ E[C2]

eθlΦ(2)
− 1

Φ(2)
.

his completes the proof of (6.3) as well as of (6.2). Fix ξ ∈ R and put hξ (t) :=

exp(iξe−µ(2)t Wt ). From (6.2) we know that, for every fixed θ > 0, it holds

lim
n→∞

hξ (nθ ) = E exp
{
−ξ 2 (M∞(2)(σ 2

0 + E[C2]/Φ(2)
)
/2
}
.

n order to conclude that the limit limn→∞ hξ (nθ ) = limt→∞,t∈R hξ (t) it remains to apply the
roft–Kingman lemma, see Corollary 2 in [23]. The fact that t ↦→ hξ (t) is right-continuous

ollows from the Lebesgue dominated convergence theorem and the fact that (Wt )t≥0 has a
ersion with a.s. right-continuous paths. □

roof of Theorem 2.9. The result is a consequence of the Marcinkiewicz–Zygmund in-
quality (4.5). Let us provide the details in the first case when (A) holds, E[R] = 0 and
[|R|

1+δ] < ∞ for some δ > 0. Invoking Theorem 2.3, it is sufficient to ensure that e−µ(1)t X R,t

onverges to 0 in probability. The latter follows from (4.5) applied with γ = 1, because for
ny ε > 0, choosing p ∈ (1, 1 + δ) ∩ D such that µ(p) < µ(1), we obtain

P
[
e−µ(1)t

|X R,t | > ε
]

≤ (εeµ(1)t )−pE[|X R,t |
p]

(4.5)
≤ cpε

−pE[|R|
p] · ept(µ(p)−µ(1))

→ 0, t → ∞.

ll the remaining cases can be treated in exactly the same way. □
222
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