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Abstract

The integer points (sites) of the real line are marked by the positions of a standard random walk
with positive integer jumps. We say that the set of marked sites is weakly, moderately or strongly sparse
depending on whether the jumps of the random walk are supported by a bounded set, have finite or
infinite mean, respectively. Focussing on the case of strong sparsity and assuming additionally that the
distribution tail of the jumps is regularly varying at infinity we consider a nearest neighbor random
walk on the set of integers having jumps &1 with probability 1/2 at every nonmarked site, whereas a
random drift is imposed at every marked site. We prove new distributional limit theorems for the so
defined random walk in a strongly sparse random environment, thereby complementing results obtained
recently in Buraczewski et al. (2019) for the case of moderate sparsity and in Matzavinos et al. (2016)
for the case of weak sparsity. While the random walk in a strongly sparse random environment exhibits
either the diffusive scaling inherent to a simple symmetric random walk or a wide range of subdiffusive
scalings, the corresponding limit distributions are non-stable.
© 2019 Elsevier B.V. Allrights reserved.
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1. Introduction

A simple random walk (SRW) on the set Z of integers is one of the most fundamental
objects in both classical and modern probability. We consider a slightly perturbed version of
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SRW obtained by imposing a random drift at some randomly chosen (marked) sites. Allowance
is made for occasional huge gaps between the marked sites which thus form a rather sparse
subset of Z. Our main purpose is to reveal new effects generated by this extreme sparsity which
are absent in [19] and [6,21]. While the former article treats the nonsparse case in which random
drifts are imposed at each site, the latter two papers are concerned with a sparse situation like
here, the only difference being that enormous gaps between the marked sites are prohibited.
Now we define the model in focus more precisely, as a particular random walk in a random
environment (RWRE). Also, we discuss its relation to a multi-skewed Brownian motion and a
one-dimensional trap model.

We first recall the definition of a general RWRE. Let £2 = (0, 1)Z be the set of all possible
environments equipped with the corresponding Borel o-algebra F and a probability measure
P. A random element @ = (wy),cz defined on ({2, F, P) is called random environment. A
random walk in a random environment o is a nearest neighbor random walk X = (X,),en,
(here and hereafter, Ny = N U {0}) on Z. To define its transition probabilities we first set
X = 7o and equip it with a Borel o-algebra G. Plainly, X' can be thought of as the set of
trajectories of X. Now, given w, let P, be a (quenched) probability measure on X such that
Xo =0 P,- almost surely (a.s.) and

w;j, if ] =i+ L
PAXyt1=jlXu=i}=13 1—w;, ifj=i-1,
0, otherwise.
Clearly, under P,, X is a time-homogeneous Markov chain on Z. The randomness of the
environment « influences significantly various properties of X. In view of this, it is quite

natural to investigate the behavior of X under the annealed measure PP which is defined as
a unique probability measure on ({2 x X, F ® G) satisfying

P{F x G} = / P,{G}P(dw), FeF, Geg.
F

After these preparations we are ready to define the object of our interest in the present
paper. Denote by ((&, Ax))kez a sequence of independent copies of a random vector (£, A),
where A € (0, 1) and & € N P-a.s. Setting

il &  ifn>0,
S, = 0, if n =0,

- Zg:nJrl &, ifn<DO.

we define a specific random environment w = (wy),ez € {2 by

(1.1)

o — Ak+1, if n =S, for some k € Z,
"7 | 1/2, otherwise.

Thus, the sequence (S,),cz determines the marked sites in which the random drifts A, are
placed. Since for the nonmarked sites n (that is, for most of sites) w, = 1/2, it is natural to call
w a sparse random environment. Following [21] we use the term random walk in sparse random
environment (RWSRE) for X as defined above with w being a sparse random environment. We
call the environment w moderately sparse or strongly sparse depending on whether E¢ < oo
or

EE = co. (12)
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While the case of moderate sparsity was analyzed in the recent article [6], the case of strong
sparsity is investigated in the present work. Our standing assumption is condition (2.3) below
which entails (1.2) and states that the distribution tail of & is regularly varying at oco.

The behavior of any RWRE is affected by both randomness of the environment and
randomness of the walk given the environment. The earlier works [6,19,21] demonstrate that
in the nonsparse case randomness of the environment has dominating effect. A remarkable
feature of the sparse case is that randomness of the environment and randomness of the walk
may contribute to a comparable extent. Another source of the new effects arising in the sparse
case are the properties of the environment alone which are essentially different from those in
the nonsparse case.

Since the early work [30] a general RWRE has been attracting a fair amount of attention
among probabilistic community. We refer to [37] for a classical introduction to the topic.
In the literature one usually treats the cases where the environment w forms a stationary
ergodic sequence or just a collection of independent identically distributed (iid) random
variables (note that in the present article we go beyond these settings). There are numerous
articles which prove, under these assumptions, quenched and annealed distributional limit
theorems [4,9,10,18,19,32,36] and investigate large deviations [5,7,8,13,14,24,25,33,38]. The
list above is far from being complete.

Further, we discuss a relation of RWSRE to two other models. Following [26] we recall
that a multi-skewed Brownian motion evolves like a standard Brownian motion with the
exception of some deterministic sites (interfaces) (si)rez in which some additional skewness
(perturbation) is imposed. Thus, the RWSRE can be seen as a discrete analogue of a multi-
skewed Brownian motion with random interfaces and random perturbations. To demonstrate
a connection to the other model we only observe the walker at the marked sites. To be more
precise, set

- - X,_1, if X, ¢ {Sk:k €7},
2, =0 Xn::{ 1o if X, ¢ (Sk ik € Z)

. n e N. (1.3)
k, if X,, = S; for some k € Z;

and note that X, is the index of the last marked site visited by the walker up to time n. The
sequence X = (Xk)keNO is a nearest-neighbor random walk on Z in a random environment
which has a positive probability to stay immobile at any time. Thus, X can be regarded as a
discrete variant of a one-dimensional trap model [1,12,39]. To justify the claim, assume that the
distribution of £ is heavy-tailed in the sense that P{£ > t} ~ =% ast — oo for some g € (0, 1).
Using the solution to gambler’s ruin problem enables us to calculate the transition probabilities
of X explicitly and then conclude that P{t > ¢t} is proportional to P{£? > ¢}, where 7 is the
time of the first jump from a given state (trapping time). One-dimensional trap models with
heavy-tailed trapping times are analyzed in [39]. However, in contrast to our setting, transition
probabilities in [39] are assumed constant.

The article is organized as follows. In Section 2 we present our main results and review some
earlier results which are particularly relevant to ours. In Section 3 we recall the construction of
a branching process associated with X. In Section 4 we explain our proof strategy. In Section 5
several important auxiliary facts are established. Finally, Section 6 contains the proofs of our
main results.
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2. Main results

2.1. Preliminaries

In the paper [21] the authors address the question of transience and recurrence of RWSRE
and prove a strong law of large numbers and some distributional limit theorems for X. Put

1=
p= T
According to Theorem 3.1 in [21], X is [P-a.s. transient to 400 whenever
Elogp € [-00,0) and Elogé < oo 2.1

(note that the first inequality in (2.1) excludes the degenerate case p = 1 a.s. in which X
becomes a simple random walk). Under (2.1), the RWSRE also satisfies a strong law of large
numbers, that is,

Xy
— —> v P-—a.s. 2.2)
n
where
_Eo)E .
Y — m if Ep < 1, EpE < oo and E£? < oo
otherwise ’

see Theorem 3.3 in [21] and Proposition 2.1 in [6].

We note right away that conditions (1.2) and (2.1) are satisfied under the conditions of our
main results. Thus, the random walks in a sparse random environment that we treat here are
transient to the right with zero asymptotic speed (v = 0).

2.2. Notation

To state our main results we need more notation. Set
T,=inflk >0: X, =n}, nelZ

Limit theorems for X, follow from those for 7, via a standard inversion technique. It will
become clear in Section 3 that the stopping times 7, are easier to deal with, for, unlike X,
these can be analyzed with the help of an auxiliary branching process.

Now we formulate an assumption concerning the distribution of &:

(&) there exist 8 € (0, 1] and a slowly varying function £ such that
P{e >t} ~t7PU(r), t— . (2.3)
and E§€ = oo when = 1 (B¢ = oo holds automatically when 8 € (0, 1)).
Further, we point out two sets of assumptions regarding the distribution of p:

(pl) Ep* = 1 for some o > 0, Ep”¥ < oo for some y > « and the distribution log p is
nonarithmetic;

(p2) there exists an open interval Z C (0, 0co) such that Ep* < 1 for all x € Z.

Note that (p1) and (p2) are not disjoint because (p1) implies (p2) with Z C (0, @).
To ease the presentation we shall state separately our results for 8 € (0,1) and 8 = 1
because the latter case is technically more involved.
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2.3. Results for B € (0, 1)

We shall need two assumptions concerning the joint distribution of (&, p):

. 112 55
(Ep1) lim, o “EZZ2L2A0L = 0 where ¢1(1) = 1

&>1}
(£p2) lim,_, % = 0, where c¢(t) == t'P{€ > t}~"/*. For the most part, « is

supposed to be the same as in (p1). But occasionally we allow « to be any positive
number satisfying o < 8/2.

An application of Markov’s inequality reveals that under (p1) with « = B/2 or (p2) with
B/2 € T condition (§p1) holds whenever £ and p are independent. Similarly, under (p1) with
a € (0, B/2] condition (£p2) holds provided that £ and p are independent. Further, it is clear
that, for i = 1,2, P{p > ¢;(t)} = o(P{é > t}) is a sufficient condition for (§p1) which is far
from being necessary.

Let B := (B(t));>0 be a reflected Brownian motion and put M(¢) := inf{s > 0 : B(s) = ¢}
for t > 0. By Proposition 3.7 on p. 71 in [29]

1
Eexp(—sM(t)) = ———, s=>0
P cosh(t+/2s)
The process (M(t));>o is self-similar with parameter 2, that is, for fixed a > 0, finite-
dimensional distributions of (M(at));so and (a*M(t));>o are the same. We shall frequently
encounter a random variable ¥ with the Laplace transform

1
—F 520, 2.4
cosh /s = @4

so that 9 = M (1)/2, where £ denotes equality of distributions.
Further, define the measure 1 on K := [0, 00]? \ {(0, 0)} by

w{,v) €K u>xorv>x} =x;° +Cux;?* — Emin(x;?, x;729#/?) (2.5)

Eexp(—sv) =

for x;, x, > 0, where C, > 0 is a constant to be specified later. Let N = ), 8, j,) be a
Poisson random measure on [0, 00) x K with intensity measure LEB ® w. Here, 8 x) is the
probability measure concentrated at (¢, X) € [0, oo) x K, and LEB is the Lebesgue measure on
[0, 00). Set

L(t) = (L:1(1), L2(1)) = Z Jo, 1=0. (2.6)

ki<t

Lemma 6.4 given in Section 6 secures

/ (%] A 1) (dx) < 00, 27
[x]#£0

where |x| = /x7 4+ x5 for x = (x1, x) € R?. This ensures that the series on the right-hand
side of (2.6) converges a.s. Furthermore, (L(t)),>o is a two-dimensional (non-stable) Lévy
process with the Lévy measure p. Its components L; and L, are dependent drift-free stable
subordinators with parameters § and /2, respectively. Put

L@ =inf{s >0: Li(s) >t}, 1>0.

The process (L (¢));>0 is known in the literature as the inverse B-stable subordinator. Set

1
X = La(Li (1)—) + EM(I — Li(Ly (D-)),
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where the process (M(t));>0 is assumed to be independent of L. By self-similarity of (M(¢));>o
we also have the representation

X 2 Lo(L(D=)+ 9 - (1 — Ly(LT (H)=)),

where ¢ has Laplace transform (2.4) and is independent of L.

Our first result, Theorem 2.1, provides a distributional limit theorem for X in the situation
where the distribution of £ plays a dominant role, a contribution of the distribution of p being
small.

Theorem 2.1. Let 8 € (0,1) and assume that one of the following sets of conditions is
satisfied:

e (A) (§) and (p2) with /2 € T hold;
e (Bl) (£) holds with £ such that lim,_, », £(t) = 0o, and (p1) holds with « = B/2;
e (B2) (&) holds with £ such that C; = lim;_, o, £(t) € (0, 00), and (p1) holds with o = B/2.

Further, assume that condition (£p1) holds and that B(p&)P/**¢ < oo for some & > 0. Then

Tn d
— — 2y, n— o (2.8)
n
and
Xy
1 - Q)% n— oo 2.9)
nl/2
The constant C,, in (2.5) is given as follows:
c - Ev#/? in the cases (A) and (B1)
L CEOP2? +Cz(B/2) in the case (B2) ’

where the constant Cz(8/2) is specified in Lemma 5.5.

While under the additional assumption in part (A) that Ep* = 1 for some « > 0 Theorem 2.1
covers the case o« > /2, Theorem 2.2 given below treats the case o € (0, 8/2].

Here is a very informal explanation of why n? should be the correct normalization for 7.
Since the distribution of £ dominates that of p, it is tempting to assume, at least as a first
approximation, that p = 1 P-a.s. Then X is a SRW, and the fact that 7, /n2 converges in
distribution is well-known.

When & and p are independent, the conditions (£p1) and E(p&)P/>*¢ < oo for some & > 0
are secured by the other assumptions of Theorem 2.1 (as for (§p1), see the discussion at the
beginning of Section 2.3). Also, we note that the joint distribution of & and p affects (2.8) and
(2.9) through the constant Cz(8/2) in part (B2), whereas these limit relations in parts (A) and
(B1) are driven by the marginal distributions of & and p.

Theorem 2.2 stated next is a counterpart of Theorem 2.1 in which the distributions of &
and p play comparable roles. To formulate it we need some additional notation. Pick any
a € (0, 8/2] and denote by Zl = (fl(t)),zo and (fg(t)),zo independent drift-free B- and
«-stable subordinators with the Lévy measures v; and v, given by

vi((x,00) = x7P, 1y((x,00)) = Cz(@)x ™, x>0,

respectively (see Lemma 5.5 for the definition of Cz()). Also, let (Zf_(t)),zo denote an inverse
B-stable subordinator which corresponds to L. Finally, whenever (§) holds we denote by A an
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asymptotic inverse function for s — P{£ > s}~!/*. This means that A satisfies

. PE> M) . MP{E >t}
im ———=1lm ———= =

t—00 t t—>00 t

1.

Such a function A is uniquely determined up to asymptotic equivalence by Theorem 1.5.12
in [3]. Moreover, it is regularly varying of index o/f.

Theorem 2.2. Let B € (0,1) and assume that one of the following sets of conditions is
satisfied:

e (B3) (£) holds with £ such that lim,_, », £(t) = 0, and (p1) holds with « = B/2;
e (C) (€) holds, and (p1) holds with a € (0, 8/2).

Further, assume that condition (£p2) holds and that E(p&)**¢ < oo for some & > 0. Then

Pig > n}/*T, -5 2L,(L7 (1)), n— oo 2.10)
and

X 4 QLT )P, 0 oo 2.11)

r(n) 1 ’ ) :

An informal but well-justified explanation of why the normalization in Theorem 2.2 is
plausible inevitably requires introducing a new notation that we prefer to avoid at this stage.
Thus, we only note, without going into details, that the normalization P{& > n}~'/* which is
different from that in Theorem 2.1 is given by the composition ( f o g)(n), where f(x) = x!/*
and g(x) = P{& > x}~!. The functions g and f represent the contributions of the distributions
of £ and p, respectively.

When & and p are independent, the conditions (§p2) and E(p£)*™ < oo for some & > 0
are implied by the other assumptions of Theorem 2.2 (as for (£p2), see the discussion at the
beginning of Section 2.3).

2.4. Results for =1

The boundary case § = 1 is essentially simpler but technically more involved than the case

B € ,1).
Whenever (2.3) holds (for 8 € (0, 1]) we denote by a any positive measurable function
satisfying

lim P(¢ > a() = 1. (2.12)

Further, we put, for r > 0,

t
m(t) =/ P{& > u}du, and (1) = m(a(t)) (2.13)
0
and define a positive measurable function 7 * such that
lim w(t)7*(tw () = lim 7*@)7 (t7*(r)) = 1.
t—>00 t—>00
Since B = 1 and E¢ = 0o, m and m are slowly varying and unbounded, and 7* is a de Bruijn

conjugate function for m, see Theorem 1.5.13 in [3]. In the present case B = 1 we shall use
conditions (£p1) and (£p2) introduced in Section 2.3 with

c1(t) = a(tm*(1)), and o) =t~ ax*@)Ve. (2.14)
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These functions may be well-defined for large ¢ only which is sufficient for our purposes.
Although we are not going to use this observation, let us note that the so defined ¢; are
asymptotically equivalent, up to multiplicative constants, to the c¢; defined in the conditions
(ép 1) in Section 2.3 for the case B € (0, 1).

When g = 1, the two-dimensional subordinator L. defined in (2.6) does not exist simply
because (2.7) does not hold any longer. However, its second component L, is still well-defined.
Actually, it is a drift-free stable subordinator with parameter 1/2 and the Lévy measure u, given
by wa((x, 00)) = C,Lx‘l/ 2 for x > 0. As a final preparation, denote by w and x asymptotic
inverse functions for s > a(sm*(s))* and s > (s*(s))"/%, respectively, where o > 0. Since
s > a(sm*(s))? and s > (sw*(s))"/? are regularly varying of indices 2 and 1/«, such w and
k are regularly varying functions of indices 1/2 and «.

Theorem 2.3. Assume that the assumptions of Theorem 2.1 are satisfied for f = 1. Then

Tn d
prp——] —> 2Ly(1), n — oo, (2.15)
and
X a2, (2.16)
w(n)

Theorem 2.4. Assume that the assumptions of Theorem 2.2 are satisfied for f = 1. Then
T, d
——— — 2Ly(1), — 00 2.17
E—— 21, 2.17)
and
X

Kk(n)

2.5. Comparison to earlier limit theorems

L QL) n— oo

It is more convenient to discuss limit results for 7, rather than X,. Distributional limit
theorems for X, and 7, are proved in [21] for the case where & is P-a.s. bounded (the
corresponding environment may be called weakly sparse). Then, as expected, the distribution
of £ does not affect the asymptotic behavior of 7, in a significant way. The key parameter is
o > 0 for which Ep* =1 (as in (p1)), and T, properly normalized and centered, converges in
distribution to an «-stable law (if « > 2 the corresponding limit is Gaussian), see Proposition
3.9 [21]. For instance, if o € (0, 1), then ‘T, grows like n'/*>_ The arguments rely on a change
of measure which transfers the RWSRE into a random walk in a Markov environment. As a
consequence of P-a.s. boundedness of &, the Markov chain driving the environment has a finite
state space which makes certain results of [22] applicable.

In order to go beyond bounded £ one has to develop a different approach (one possibility
exploited both in [21] and in the present article is to use a link with certain branching processes
with immigration in a random environment). In the case of moderately sparse environment, that
is, E€ < oo it is shown in [6] that the asymptotics 7,, strongly depends on the interplay of
parameters « and B and the behavior of a slowly varying function £ (see conditions (p1) and (&)
for the definition). In all cases, the limit distribution of 7;,, properly normalized and centered,
is still stable. However, the normalization is n'/* when the distribution of p dominates that of
£, whereas it is n'/% L(n) for a slowly varying L when the distribution of £ dominates that of
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©. Summarizing, the results of both [21] and [6] bear a strong resemblance with those of [19]
which is concerned with the nonsparse case £ = 1 P-a.s.

On the technical level the difference between the cases of moderate and strong sparsity is
carefully explained at the beginning of Section 4. The strong sparsity strongly manifests itself
in Theorem 2.1. In it, unlike the earlier limit theorems discussed above the normalization for 7},
is n? as if (X,) was a SRW. However, the connection with a SRW does not extend to the limit
distribution which is rather exotic and seems to be new in the context of RWRE and in general.
In Theorem 2.2 the limit distribution is still nonstable. However, the limit result obtained here
looks more similar to those in the moderately sparse case. Loosely speaking, the normalization
in the cited theorem can be interpreted as the time-changed version of n'/%. The case g = 1
treated in Theorems 2.3 and 2.4 can be thought of as almost moderate. The closeness to the
moderate sparsity only reflects in a stable limit distribution, whereas the normalization for 7,
is different from those appearing in [6].

3. An associated branching process

3.1. The construction

The relation between certain random walks and branching processes goes back to Har-
ris [16]. Later on, it was successfully applied, in an extended form, in [19] to obtain
distributional limit theorems for random walks in an iid random environment. Since then
branching processes have become a useful tool in the analysis of one-dimensional RWRE.
The presentation below follows closely that in [19] or [6].

Fix n € N and consider the random variables

UP =#lk<T: Xp =i, Xen=i—1}, i<n
Since X7, =n and X, = 0 we have, forn € N,

T, = # of steps during [0, T,,)
= # of steps to the right during [0, T,,) + # of steps to the left during [0, T},)
= n+ 2 - # of steps to the left during [0, T,)

which gives

n
T,=n+2)» U", neN. (3.1)
i=—00
Recall from Section 2.1 that, under the setting of the present paper, X is transient to the right,
that is, lim,,_, o X,, = +00 P-a.s. This entails

Z Ui(”) < total time spent by X in (—00,0) < 0o P —a.s. (3.2)
i<0
In particular,
T,=n+2Y U"+0p(1), neN, (3.3)
i=0

where Op(1) is a term which is bounded in probability. As a consequence, distributional
limit theorems for 7, will follow from those for n + 23 ", Ui(">. The latter variables

possess an elegant stochastic structure since, as argued below, for fixed environment w,
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um, Ur(l"_)], U,E"_)Z, e, Ué") form a sequence of the first n generations of an inhomogeneous
branching process with unit immigration.
In what follows, for p € (0, 1), Geom(p) is a shorthand for a geometric distribution with

success probability p, that is,
Geom(p){¢} = p(1 — p)', € eN,.

Note that U,(l”) = 0 and that U:i)1 is equal to the number of excursions to the left of n — 1 before
the first visit to n. Due to the transitivity of X, U,Enfl is distributed according to Geom(w,,_).

Further, observe that, fori =1,...,n — 2, U,E"f)if , can be represented as follows:
o, |
GURED DL G4

where, for k € N, V,((”_i_l) denotes the number of excursions to the left of n —i — 1 during the
kth excursion to the left of n —i and Vo("fi*l) is the number of excursions to the left of n —i —1
before the first excursion to the left of n —i. Notice, since X is transitive and enjoys the Markov
property with respect to the quenched probability, for each fixed w, Vl("ﬂ;l), V;"ii*l), ...are
independent random variables with distribution Geom(w,_;—;) which are also independent of
U,E"_),-. This shows that, under P,,, U,E"), UIE"_)I, U,E"_)Z, R Ué") are the consecutive generation
sizes in an inhomogeneous branching process with unit immigration in which the particles and
the immigrant in the (i — 1)th generation (i = 1, ..., n—1) reproduce according to Geom(w,,—;)
distribution.

To ease the notation, we introduce another branching process Z = (Z;)x>0 which evolution
can be described as follows. We start with Z, = 0 particles. At the generation n = 1, the
first immigrant enters the system and gives birth to Z;, = GE)I) new particles, where GE)D
has distribution Geom(w;). At the generation n = 2, another immigrant enters the system
and all Z; + 1 particles reproduce independently according to distribution Geom(w,). The
offspring of the first generation particles (including the immigrant) form the second generation.
The system evolves according to these rules, with one new immigrant entering the system at
each generation. In general, for each n € N, Z,, admits the following representation

Zn—1
Z, = Z G+ G, (3.5)
k=1
where Gg') is the number of offspring of the nth immigrant and G,(:') is the number of offspring

of the kth particle in the (n — 1)st generation (we set G,({") = 0 if the kth particle in the
(n—1)st generation does not exist). Thus, the process Z does not count the immigrants. Plainly,
under P, for each n € N, Gg”), G(I"), ... are independent random variables with distribution
Geom(w, ) which are independent of Z,. Whenever the environment is sparse, while the process
Z reproduces according to distribution Geom(X;41) at time S; for k € Ny, most of the time, it
evolves as a critical Galton—Watson process with unit immigration and the offspring distribution
Geom(1/2), to be denoted by Z¢Mt = (Z¢"t), o, . In particular, for n € N, given (£}, pj)1<j<n,

PIACED Y% (3.6)
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For later needs we note that Z is a particular instance of the process Z which corresponds
to w, = 1/2. In particular, Z°™" satisfies (3.5) in which (Gi"))keNoyneN are independent random
variables with distribution Geom(1/2).

3.2. The notation

For k,n € N, denote by Z(k, n) the number of progeny residing in the nth generation of
the kth immigrant. In particular, Z(k, k) is the number of offspring of this immigrant and

Z, = ZZ(k, n), neN.
k=1

Moreover, for each k € N, (Z(k, n)),>; forms a branching process in a random environment
(without immigration). Since at each generation the random reproduction law is the same for all
particles, the processes (Z(1, n))u>1, (Z(2, n))n>2, (Z(3, n))n>3 ...are dependent with respect
to the annealed probability but are independent with respect to the quenched probability. For
ne€Nand 1 <i <n,let Y(i, n) denote the number of progeny in the generations i, i+1,...,n
of the ith immigrant, that is,

Y@, n) = ZZ(:’, k).
k=i

Similarly, for i € N, we denote by Y; the total progeny of the ith immigrant, that is,
Y; =Y(i,00) =Y Z(i. k).
k=i

We also define W, to be the total population size in the first n generations, that is,
n
W,=Y Z;, neN.
j=1

In view of the structure of the environment it is natural to divide the population into blocks
which include generations 1, ..., S;; S;+1, ..., S» and so on. To set out the necessary notation,
we write

ZnZZSn, neN

for the number of particles in the generation S,, and

Sn
WnZWS,,_WS,,_l = Z Zj, neN
j:Sn—1+1
for the total population in the generations S,_; + 1, ..., S,.

Put Werit = Y0, Z& for n € N, so that W<t is the total progeny in the first n generations
of Z see the end of Section 3.1 for the definition of Z™. It is known that

n 2wt L oo, (3.7)

where ¢ is a random variable with the Laplace transform given in (2.4), see Theorem 5 in [23],
and that

lim E(n 2wy =E9°, s> 0, (3.8)
n—o00

see Lemma 6.5 in [6]. These properties of Z°t will play an essential role in our proofs.
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4. The strategy of the proofs
To prove a distributional limit theorem for 7,, it is natural to use a decomposition
Ty =Tsypy + (T = Ts,), n €N, 4.1)
where
vit)=infln e N : S, >1¢}, >0.

In principle, the asymptotic behavior of T, , may be regulated by that of S,, Wy, or both,
see formulae (3.3) and (3.6). In the paper [6] which treats the case of moderate sparsity
E& < oo while the contribution of the second summand is negligible, the asymptotics of
the first summand T, , is driven by Wg, alone. The latter is explained by the fact that
the contribution of S, is only seen in the form of a law of large numbers and, as such,
degenerate in the limit. The case of strong sparsity [E€ = oo we are interested in here is more
involved. Indeed, now the asymptotics of Tgv(n)_ , is affected by (S,, Ws,), for, under (§), S,,
properly normalized, converges in distribution to a nondegenerate random variable. Further,
in Theorem 2.1 the contributions of the summands in (4.1) are comparable. Therefore, one
has to investigate their joint asymptotic behavior which leads to technical complications. On
the other hand, the asymptotics of 7, — T, , alone is relatively easy to deal with, for the
principal component of this random variable is given by the first-passage time of a reflected
SRW stopped at an independent time. The other main results, Theorems 2.2-2.4, are simpler
than Theorem 2.1 because the first summand in (4.1) dominates the second.

The text below is borrowed from Section 4 in [6], with minor alterations and additions.
While dealing with Wy, our main arguments follow the strategy invented by Kesten et al. [19].
Namely, for large n, we decompose W, as a sum of random variables which are iid under the
annealed probability P. For this purpose we define extinction times

=0, m:=min{j>71n_1:Z;=0}, kel (4.2)

Let us emphasize that the extinctions of Z in the generations other than S;, S, ... are ignored.
Set

an = Wsrn — Ws , neN

Tn—1

and note that (W, , t, — 7,—1)nen are iid random vectors under P. Since the random variables
in question are non-negative we have, for n € N,

o Sn Tr+1
Zer < Z Zy < Z W, P-as., 4.3)
k=1 k=1 k=1

where 7, is the number of extinctions of Z in the generations Sy, ..., S,, that is,

7y :=max{k >0:1 <n}, neN.
Lemma 4.1 given next states that the extinctions occur rather often.
Lemma 4.1. Assume that Elog p € [—00, 0) and Elogé < oo. Then Et; < oo. If additionally
Ep® < oo and E&° < oo for some ¢ > 0, then Eexp(yt)) < oo for some y > 0.

The proof of this lemma can be found in the Appendix of [6]. Under the assumptions of
our main results Lemma 4.1 ensures that m = Et; < co. The strong law of large numbers for
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renewal processes (7, ),en, makes it plausible that, for large n,

m'n]
Wsn ~ Z Wfk.
k=1
The right-hand side, properly centered and normalized, converges in distribution if, and only
if, the distribution of er belongs to the domain of attraction of a stable law. According to
Lemma 5.6, the latter is indeed the case under the assumptions of our theorems.
An important technical ingredient of our proofs is the distribution tail behavior of the vector
(87, W,l ). To investigate it we have to discuss the structure of th in more detail. To this end,

for i € N, we divide particles residing in the generations S;_; + 1, ..., S; into groups:
e P, — the progeny residing in the generations S;_; + 1,...,S; — 1 of the immigrants
arriving in the generations S;_, ..., S; — 2, the number of these being
Si—1 S;i—1
> D ZG Ry
J=Si—1+1 k=j
e P,; — the progeny residing in the generations S;_; + 1,...,S; — 1 of the immigrants
arriving in the generations 0, 1, ..., S;_; — 1, the number of these being
Sioi o Si—1
=YY ZG.kx
j=1k=58;_1+1

e P3; — particles of the generation S;, the number of these being Z;.

The aforementioned partition of the population which is depicted in Fig. 4.1 induces the
following decompositions which hold P-a.s.

W, =W+ W' +2, ieN

and
T T T
S W Y w4 Yz (44)
i=1 i=1 i=1

Finally, we explain how we are going to treat the second summand in (4.1). We represent
T, Tsv(n) , as the sum of two components: the times spent by (Xj)i= Ts, 410 in
(=00, Sym)—1) and [Sym)—1, 1], respectively. We shall prove in Lemmas 6.3 and 6 7 that under
the assumptions of our main theorems, the first component is asymptotically negligible. Before
presenting our reasoning for the second component we find it convenient to recall a few
classical notions and formulate a technical lemma.

Let D denote the Skorokhod space of right-continuous functions defined on [0, co) with
finite limits from the left at positive points. The two commonly used topologies that the
Skorokhod space D is equipped with are J;- and M;-topologies. We refer to [2,17] and [35]
for comprehensive account of the J;- and the M,-topologies, respectively. In the sequel %
and % will mean weak convergence on D when endowed with the Ji-topology and the
M -topology, respectively. Our main results are one-dimensional distributional limit theorems.
However, we find it useful to appeal, at some intermediate steps, to functional limit theorems
on D. Working in this more general setting simplifies considerably proofs of limit theorems
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So
P11
Si
P22 P12
S
P23 P13

El

S3
Fig. 4.1. The generations O through S3 of the BPRE Z and the partition of the corresponding population into parts

Pi,j» i, j = 1,2,3. The bold horizontal lines represent particles in the generations Sp, S> and S3, that is, those
comprising the groups P3;, i = 1,2, 3. By definition, P, | = @.

involving compositions. Theorem 13.2.2 in [35] stated as Lemma 4.2 provides a necessary
technical background.

Lemma 4.2. Let k € N. The composition mapping ((xy, ..., xx), ) > (x; 0, ..., xp 0 Y)
is Ji-continuous at vectors (xi,...,X;) € D* with nonnegative coordinates and nonnegative
continuous and strictly increasing .

Let (X} )ken, be a starting at zero simple random walk with reflection to the right at the
origin, that is, Xg = 0, P{X; , =i £ 1|X; =i} = 1/2 for k,i € N and P{X; |, = 1|X; =
0} =1 for k € Ny. We shall assume that (X} )ren, is independent of (§;, p;)jen and Z. Set

T, :=inf{lk € No: X; =n}, neN. 4.5)

With this notation at hand we observe that

.....

has the same distribution as 7, _ i 4.6)

Recall that B = (B(t));>0 denotes a reflected Brownian motion and M(¢) = inf{s > 0 :
B(s) =t} for t > 0. It is well-known that

n_l/zXEn_] i& B(), n— oo.
By a standard inversion argument, this yields
n TS ME), n— oo “.7)

These limit relations explain the appearance of (M (t));>o (or ¥ i m (1)/2) in Theorem 2.1.
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5. The distribution tail behavior of S;, and W,

To prove our Eain results we have to know the asymptotics of P{S;, > ¢}, P{W, > ¢t} and
P{S, > g()x;, Wy, > f()x,} as t — oo for suitable functions f and g.

5.1. The marginal behavior

Lemma 5.1. Assume that condition (§) holds for B € (0, 1) and that Elogp € [—00,0).
Then

P{S; >t} ~ Er)P{E >t} ~ Ere Per), t— oo (5.1)
and
P{S;, >t} ~ ]P’{lniax & >1t}, t— oo. 5.2)
<k<t

Proof. The assumptions guarantee Elogé < oo which in turn secures Et; < oo by
Lemma 4.1.

The random variable 7| does not depend on the future of the sequence (§;);cn, that is, for
each n € N, the collections of random variables

(Sla .. Ena {r1<n} ) and (El‘l-‘rl’ $n+27 . )
are independent. With this at hand a specialization of Theorem 1 in [20] yields

E(S;, A1) ~ ErDEE At), t— oo.
By Karamata’s theorem (Proposition 1.5.8 in [3])
EEAt) ~ (1=B)"'t'"Puw), t— .

An application of the monotone density theorem (Theorem 1.7.2 in [3]) completes the proof
of (5.1).
Turning to the proof of (5.2), write
P{ max Ek>t}_Z]P’{ max E, <t,& >t 1 >k}

I<k=7 1<i<

B > 1) Pl max & <tm >k}
k=1 -

where the last equality is a consequence of the fact that 7; does not depend on the future of

(&)ien. By the dominated convergence theorem

P{maxlfkffl %_k > l}
P{§ > 1}

It is worth mentioning that Theorem 1 in [20] cited in the previous proof treats standard
random walks with two-sided jumps of infinite mean stopped at an arbitrary random variable
of finite mean which does not depend on the future of the sequence of jumps. In particular,
the regular variation of the distribution tail of a jump is not assumed.

Below we present a collection of auxiliary results borrowed from Section 5 in [6] which
will be used in the sequel.

lim,_, o =FEr. O
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Lemma 5.2 (Lemma 5.1 in [6]). Assume that (2.3) holds with some 8 > 0. Then
P{WY > ¢} ~ EoPH e P2e'?), t — oo,
where ¥ is a random variable with the Laplace transform given in (2.4).
Lemma 5.3 (Lemma 5.2 in [6]). Assume that Elog p € [—00,0) and that, for some s < 2,

E(p&) and E&* are finite. Then EZ; < oo and there exists a positive constant C such that,
foralln e N,

C ify <1,
EZ; < Cn ify=1,
Cy" ify>1,
where y = Ep°. If additionally EE* < oo, then

EW] < oo.

Lemma 5.4 (Lemma 5.4 in [6]). Assume that, for some s < 2, Ep* < 1, E(p&)° and E&° are
finite. Then, for all sy € (0, s),

7| S0
E (Z Z,») < oo.
i=1
If additionally EE3/? < oo, then

7] S0
E (Z W}) < 0. (5.3)
i=1

Lemma 5.5 (Lemma 5.5 in [6]). Assume that (pl) holds for some a € (0, 2], Eg3/? < o0
and E(p&)* < oo. Then

7|
P{Z(Zk +W)) > t} ~ (Et)Cz(a)t™, t— 00
k=1
for a positive constant Cz(a) which can be represented as follows:
Cz(a) = Alingo ]EZZ'AI{O'A<11} : xli)n(}o x“]}”{z o1 Pebrr1 > x}-
k>0

Here, o4 =inf{i e N 1 Z; > A for some j < S;}. Both limits exist and are finite.

The assertion regarding the form of Cz(«) can be derived from the proof of Lemma 5.5 in
[6]. Note that an explicit expression for Cz(«) is not known.
Lemma 5.6 (Proposition 5.7 in [6]). The following asymptotic relations hold.

(C1) If (p1) holds for some a € (0,2], either B> < oo or (2.3) holds with B = 2a,
lim,_, o £(t) = 0, and E(p&)* < oo, then

P{W,, >t} ~ (Et)Cz(a)t™, t— oo,

where Cz (o) is the same constant as in Lemma 5.5.
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(C2) If (p1) holds for some a € (0, 2), (2.3) holds with B = 2« and lim,;_, », £(t) = C; € (0, 00),
Ep**® < 0o and Ep®£*t* < 0o for some ¢ > 0, then

P{W,, >t} ~ (Er) (Ed)C +Cr(@)t™, t — 0.

(C3) If (pl) holds for some a € (0, 2], (2.3) holds with B = 2« and lim,_, o £(t) = 0o, and
E(pé)* < oo, then

P{W,, >t} ~ Er)E0) "), t — oo.

(C4) If (p2) holds, (2.3) holds for some B € (0,4) such that B/2 € T and E(p&)P/*T* < oo
for some ¢ > 0, then

P{W,, >t} ~ Er)E?Ht7P2e'?), t — oo.
5.2. The joint behavior

The asymptotic behavior of tP{S;, > g(t)x;, W, > f(t)x»} as t — oo is determined by
the mutual interplay of the distributions of & and p. While Proposition 5.7 treats the situation
in which the distribution of £ dominates, Proposition 5.8 is concerned with the case in which
the contributions of the distributions of & and p are comparable.

Proposition 5.7. Assume that the assumptions of Theorem 2.1 are satisfied for B € (0, 1],
with the exception that condition (§p1) is not required. Then, for xi, x, > 0,

P{S;, > tx1, Wy, > Px2} ~ (Er)E[min(x;?, x; 77982 Jeay™", 1 — oo,

where a random variable ¥ has the Laplace transform given by (2.4).

Proposition 5.8. Assume that the assumptions of Theorem 2.2 are satisfied for g € (0, 1],
with the exception that condition (£p2) is not required. Then

lim tP{S,, > a(t), W, > t'/*} =0.
—00

Our proofs of both propositions rely on decomposition (4.4) and ‘the principle of one
big jump’ which is commonly used when analyzing random variables with regularly varying
distribution tails. In view of (5.2) the random variable S, takes a large value if and only if
at least one of &,&,,...,&; is large. We shall choose a stopping time 7 = T(¢) such that
&r ~ max|<<r, & ~ S; on the event {max;<;<;, & > t} and then show that W(} dominates
all the other terms in decomposition (4.4). According to (3.7) the variable W(} should be of
magnitude ¢ on the event {max<x<, & > t} (see Lemma 5.11 for more details). Summarizing,
it is plausible that

IP’{Srl > txl,er > t2x2} ~ ]P’{ST > txl,W(} > tzxz}, t — 0. 5.4

The rigorous proofs of Propositions 5.7 and 5.8 are similar to the proof of Proposition 6.1 in
[6]. However, since we need a joint, rather than marginal, asymptotic behavior, the details are
more involved. We start with a lemma that provides the asymptotic behavior of the right-hand
side in (5.4).

Lemma 5.9. Let ¢ be an integer-valued random variable independent of (W;m)neNo and such
that

P{c > 1} ~ t7Pet), t— o0
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for some B > 0 and some £ slowly varying at co. Then, for xi,x, > 0,
P{¢ > tx, W;m > t2x2} ~ E[min(xl_’s, x;ﬂ/zﬂﬂ/z)]ﬂ(t)t_ﬁ, f — 00,

where ¥ is a random variable with the Laplace transform given in (2.4).

Proof. Put
v, =inflk e N: Wt > x}, x> 1.

Since W is monotone, it diverges to +oo a.s. This ensures that v, is finite a.s. For fixed
X1, xp > 0 and sufficiently large 7,

P{g > 1X], W;m > tzxz} = IP’{g > max(txy, vtzxz)} = ER(max(txl, v,zxz)),

where R(y) = P{¢ > y} for y > 0. An application of a standard inversion technique to (3.7)
yields

_ d _
t 1/21), — 1/2, r — 00.

Hence,

_ d _

t 1max(txl,v,zxz) — max(xl,le/zﬁ '/2), r— 00
and subsequently

R (max(txl, U2y, )) d
R(t)

having utilized the regular variation of R. Write

[max(xl,le/zz?*”z)]_ﬁ = min(x]_ﬁ,x;’g/zl?ﬁ/z), t — o0

R(max(txy, vp2,,)) _ Rax) R(vey,) R(1x,")
R(1) T R®)  R(x,”?) R

. . o . . Rvp,,) L .
It is shown in the proof of Proposition 6.1 in [6] that the family (R( ’1'/3)) is uniformly in-
1x, 1>1
tegrable for large enough 7y > 0. This in combination with Potter’s bound for regularly varying
R(max(wq,v[z)62 )))
>

functions (Theorem 1.5.6(iii) in [3]) enables us to conclude that the family ( 0)

is uniformly integrable for large enough #; > 0. Therefore,
P{c > tx, W;m > 12x,)

P{c > t}
ER(max(tx1, v,2y,))

R(1)
which completes the proof. [J

- E[min(xl_ﬁ,xz_ﬁ/zﬂﬂ/z)], t — 00

Some parts of the proofs of Propositions 5.7 and 5.8 can be treated along similar lines. As
a preparation, we prove an auxiliary result.

Lemma 5.10. Assume that either the assumptions of Theorem 2.1, with the case (A) and the
condition (Ep1) being excluded, or Theorem 2.2, with the condition (£p2) being excluded, are
satisfied for B € (0, 1]. Let § € (0, @) and by, by and b3 be positive functions diverging to +oo.
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Then, as t — oo, uniformly in k € N,
k—1
P{ék > b(t), k < 11, Z(Zi + W) > bz(l)} = O(P{& > bi(1)}b2(1)™);
i=1
P& > bi(1), W} > ba(t)} = O(BIE* Ligsp, 1y 1b2(1) )
and, uniformly in k = 1,2, ..., [b3(1)],

Z
P{sk > bi(t), Zi+ Y _Yig > bz(l)} = O(P{g > b))/ “**by(1)"*b3(1))
j=1
with the same ¢ as defined in Theorems 2.1 and 2.2. Here, for j € N, j < 7y, Y;" s, denotes
the total progeny of the jth particle in the generation Sk.

Proof. The first relation is justified as follows: uniformly in k € N,
k-1
P{sk >bi(). k<7 ) (Zi + W) > b2<r>}
i=1
k-1
=P{& > bl(t)}P{k <t Y (Zi+W))> bz(t)}
i=1
7]

<Pt > b1<t)}IP{Z(Z,- +W}) > bz(f)} = O(P( > bi)}ba()™®). 1 — oo,
i=1
where the first equality follows from the fact that r; does not depend on the future of (§;);en,
and the last equality is a consequence of Lemma 5.5.
While treating the second relation we use a representation

Zg—1
Wy=0, Wy=) DP k=2 P-as,
i=1
where ka) is the number of progeny in the generations S;_; + 1, ..., Sy — 1 of the ith particle
in the generation S;_;. For fixed £ > 2, under P,, Dik), Dék), ... are iid and independent of

Zy_1, and one can check that Ew[ka)] = &, — 1. With this at hand we write, for any § € (0, @)
and any k € N,

Li—1

5
P{& > b1 (1), Wi > by(1)} < bZ(t)_SEI:I{Ek>b1(t)}<Z Df“) ]

i=1
o]
i=1

5
Zk1i| ]
< by(t) °El&° 1= p, 0 IEIZ}_, 1,

where the first line is obtained with the help of Markov’s inequality, and the penultimate line
follows by an application of the conditional Jensen’s inequality. Since Ep® < 1, an appeal to
Lemma 5.3 yields sup;.. E[Z] < oo.

Zi—1

8
=b(1)’E [1{5k>b1<t>}Ew[<Z DEk))

i=1

Zg—1
< b2(l)_5E|:1{5k>bl(t)}Ew|:Z D
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Turning to the analysis of the third relation we first note that, for fixed k € N, Yl’f S Y; S0
are P,-independent of copies of Y; which are P-independent of &;. Therefore, according to
Lemma 7.2 in [6], there exists a (nonrandom) constant A > 0 such that, for x > 0,

Ly
P{Z Yj’-f 5 > X
j=1
Also, it can be checked (see the proof of Lemma 5.2 in [6] for details) that, for k € N,

EoZi = piBoZi—1 + piér < (1 + EoZi_1)piéx, P —as. (5.6)

Here, the last inequality follows from &, > 1 P-a.s. Write, for k € N,

Ly, %‘k} < AZ%)C_D[ P—as. 5.5

Ly
P{gk >bi(), i+ Y Yig > bz(t)}

j=1
Zy,

< ]P’{éfk > bi(t), Ty > 21b2(t)} +P{§k > bi(t), Y Yig > 21b2(t)}

j=1

Ly
< El{gk>b1(r)}Pw{Zk > 2_1b2(f)} + E1{5k>b1(t)}P{Z Yig > 27'by(1)
=1

Ly, ék}
< 2°by(t) “Elig = by iy B Zy + 2% Abr (1) *Elyg, »p (1) Zg
=21 4+ A)by(t) “Elig,=p, iy EaZy < 2%(1 4+ A)by(t) “Elig, p, (1)) B Zp)*

having utilized Markov’s inequality and (5.5) for the fourth line and the conditional Jensen
inequality (observe that o € (0, 1/2]) for the fifth. Further, for k = 1,2, ..., [b3(1)],

Elg > b,y (B Zi)®

< E( 4+ EoZi—1)*"Elg, ~p, iy (0rEr)”
k—1

< (14 B8 (Y Er”) JEligmnyn ()" = (1 + B WEL gy i) (pr50)°
j=0

< (14 B(pEIsOEL g0 (05"
af(a+e)
< 1+ B (Be )" bs@PE > bi()/ ),

where the second line follows from (5.6), and the last line is obtained with the help of Holder’s
inequality. Combining pieces together completes the proof of the third relation. [l

Fix x; > 0 and define the stopping time
T=T@)=infli e N:& > (t — t¥*)xy},

where, as usual, inf @ = co. Put
7
WO =" W)
i=1
and note that, for i € N, given &,

d i
WY = we, (5.7)
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where ng =0, Wit for n € N is the total progeny in the first n generations of Z and &
is assumed independent of (W™),cn,. As a consequence, the random variables W, Wg ..
are identically distributed. Also, it is clear that they are independent.

Lemma 5.11. Under the assumptions of Proposition 5.7 there exists a constant C such that,
for x1,x, >0, ast — oo,

IP’{Stl > txy, W0 > t2x2} = IF’{SI1 >tx;, T <71 <Clogt, W(} > (t — t3/4)2x2
and & < t*Px,, W? <Py, forall i # T} +0(t7’3).
Proof. The assumptions ensure that Ep® < oo and E£® < oo for some ¢ > 0. Hence,
Ee™™ < oo for some r > 0 by Lemma 4.1.
We start by proving a similar statement for the first coordinate alone: as t — oo,
P{S;, > tx1} =P{S;, > tx;,T <7 < Clogt and & < t*°x forall i # T} + o(t™")
(5.8)
for any C > 28/r. By Markov’s inequality
P{r; > Clogt} <t “"Ee'™ = o(t™%F), 1t — oo. (5.9)
Further, since
IP’{Stl > tx1, 71 < Clogt and & > t2/3x1,$]~ > t2/3x1 for some i < j < rl}
<27'C2(log 1Pl > 1*x, )’ = o7,
we conclude that, as t — oo,
P{S;, > tx1} = P{S;, > tx;, 7y < Clogt, & > (t —t'/*
and & < 1*x  forall i <71y,i # j}+o0(™F)

)x; for some unique j < 14

because the sum §;, must exceed tx;. Therefore, on the event {S;, > tx;} with ¢ large enough
we have T = j < 11 and thereupon 7" < 1y which in turn yields (5.8).
Analogously we can prove that, as t — oo,

IP’{ST1 > tx;, W0 > t2xz}
=P{S;, > tx;, W > t’x,, T <1y < Clogt and & < t*’°x, forall i # T} +o(t™").

Choosing s > 38 and appealing to (5.7) and (3.8) yields

P{z; < Clogt, & < t*Px1, WY > 133x, for some i < T}
[Clog1]
23 0 _ .53 i 5/3
< Z Pl& < Px, W > Py} < ClogP{Whjs, | > 1 B}
i=1
L
IEI(W[‘;TZ‘BX]])é f4s/3

s ) — =B
< Cx, logt—ﬂs/3 3 =o(t™ "), t—> o0

having utilized Markov’s inequality for the last line. Since each WY for i # T does not exceed
13/3x,, the variable W9 = Y"7"' W9 + W9 can only be larger than r2x, for large ¢ provided
that the summand WY. is larger than (f — #*/4)?x,. This completes the proof of the lemma. [J
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Proof of Proposition 5.7. Our proof consists of two steps. First we show that, for x, x, > 0,

P(S,, > 1x1, W* > 12xy) ~ (Erp)E[min(x;”, x, ??9#) ey, 1t —o00  (5.10)
and then that
P{S;, > tx;, W, — W' > 200} = o(t(t)t™?), t— oc. (5.11)

Proof of (5.10). Due to Lemma 5.11 we are left with investigating the asymptotic behavior of
P(t) = IP’{STI >1x,T <7 < Clogt, WS > (t — 13/*x,
and & < t*x;, W? < 133, for all i # T},

where C is a constant.

We need a more general version of the observation made in the proof of Lemma 5.1: for each
n € N, the families ((&, Wg)kgn, 17, <np) and (&, Wg)bn are independent, that is, the random
variable t; does not depend on the future of the sequence (&;, W?)igN. This in combination
with distributional equality (5.7) and Lemma 5.9 yields

P(t) <Y P& >t =/, W > (¢ — 17%x, 1 = )

j=1
=Y P& > (t — %, W) > (1 = 1Y) Pl > j)
j=1
=P {51 > (t — 7%, Wclriil > (t — t3/4)2x2} Z]P’{rl > j}
jz1
~ (Ex)E[min(x;?, x, ??9#2) |1 P o), 1 — oo.

To obtain a lower bound for P(¢) we shall use the following inequality
P{g < t2Px, W) < P x) > 1 = Plg; > 12Px) — P{WY > £78x,) > 1 — 1773 (5.12)
which holds by virtue of (2.3) and Lemma 5.2 for ¢ large enough. Recalling (5.7) and appealing
again to the fact that 7; does not depend on the future of the sequence {(&, Wg)}keN we obtain
P(@) > Z]P’{j <7 <Clogt,§; > txl,W(} > tzxz
j=1
and & < t2/3x1,W? < t5/3xz for all i # j}
> Z]P’{j <71 <Clogt, & < t2/3x1,W? < t5/3x2 foralli < j}
j=1
]P’{éj > txl,W(} > tzxg}IP’{S,- 23%,, WO <y,
for all j <i < Clogt}
> IP’{EI > 1x], W“El >t xz}(l — 7B/3)Clogt
Y P{j <7 < Clogt, & < *Px), W) < £°Px; for all i < j}.
j>1
In view of Lemma 5.9 it remains to note that
liminf, o Y "P{j <7 < Clogt, & < t*Px;, W) < £*’x; for all i < j} > Ery
Jj=1

by Fatou’s lemma.
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Proof of (5.11). In the case (A) of Theorem 2.1 relation (5.11) is just a consequence of
Lemma 5.4 and Markov’s inequality:

IP{S,1 > txl,er — W > tzxz}

13|
< P{Z(Z, +Wl¢) > ZZX2}

i=1
71

) B+7)/2
< xz—(ﬁ"r)/)/ E(Z(Zt +W,¢)> . t_(ﬁ-i-)/)
i=1

i (B+v)/2 u B+y)/2
< mwm/z(E(} :Zi) +JE<§ :Wi) ) )
= i ’
i=1 i=1

where y > 0 is small enough (in particular, 8 + y < 2), and the last inequality is justified by
subadditivity of s > s#*/2 for s > 0.

Assume from now on that either the case (B1) or (B2) of Theorem 2.1 prevails. Arguing as
in the proof of Lemma 5.11 one can check that it is sufficient to show that, for any x;, x; > 0
and a constant C > 0,

Plér > tx, T <1 < Clogt, W, — W’ > ’x,} = o(t)t™?), t—o0. (5.13)

Observe that decomposition (4.4) implies that on the event {T < 1}

T—1 ZT ST]
We —WO=)Zi+WH+Wi+Zr+ Y Yig + D> Y
i=1 j=1 k=S7+1

where, for j € N, j <Zr, Y[ g denotes the total progeny of the jth particle in the generation
Sr. Thus, to ensure (5.13) it is sufficient to check that, as ¢t — o0,

T—1
Li(1) = P{gT >tx, T <7 < Clogt, Y (Zi +W}) > t2x2} =o(ttn™"),
i=1
L(t) = IP’{ST >tx), T <t < Clogt, W# > tzxz} = o(ﬁ(t)t’ﬂ),
Lt
I(t) = ]P){%'T >tx;, T <71 <Clogt, Zr + ZYJ'*»ST > 2‘2)62} = O(E(l)t_ﬁ),
j=1
St
I4(t) = IP{ST >tx;, T <1 <Clogt, Z Y > tzxz} = o(é(t)t’ﬁ).
k=St+1
To treat I,(t), L(t) and I;3(t) we use Lemma 5.10 with b;(r) = tx, by(tf) = t*x, and
b3(t) = Clogt. Recalling that « = /2 we obtain
[Clog1] k—1
L) < l;: P{gk >tx, max & < (- k<, ;(Zi + W) > lzxz}
= O(P{& > tx;}t Plogt) = o(t()P), t— oc.
Further, for any § € (0, 8/2),
[Clogt]
L(t) < Z ]P){f;:k > Xy, Wi > Z‘Z)Cz} = O(E[$81{5>m1}]l_25 IOgl‘), t — o0.
k=2
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According to Karamata’s theorem (Theorem 1.6.5 in [3]) the function ¢ +— E[§51[$>,X1]] X
t~2 logt is regularly varying at oo of index —B — 8, whence I (t) = o(tPL(t)) as t — oo.
Passing to I5(z) we infer
[Clogt] Zy
L) < Z ]P’{Ek > tx1, Zy + Z Yig > t2x2} = O(P{§ > tx1 /@B (log t)z)
k=1
=o(t7%L®), t— oo.

j=1

Finally, the relation for I4(¢) holds true just because & and Z,ZST +1 Y& are independent. [

Proof of Proposition 5.8. Recalling the asymptotic relation obtained in Lemma 5.2 and
arguing as in the proof of Lemma 5.1 we conclude that

T

P{W°= leg > t} ~ Er)P(W? > 1}, t— o0

k=1

which implies

P{W? > t"*} ~ Er)EP2)e(t")e PP = ot™"), t — oo.
Thus, it is sufficient to prove

IP’{S,1 > a(t),Wrl — WY > tl/"‘} =o(t™", t— oo.

In view of P{maxlgkgl & > t} ~ P{S;, >t} ast — oo (see (5.2)),

P{S;, > t, 1n}€ax e <t} =P{S;, >t} — ]P’{ln}{ax & >t} = o(P{S;, > t}),
<k=71 <k<t|

whence

P{Sy, > a(r). max & < a(t), Wy, =W > 1V} = o(t™"), 1 — oo.
<k=T7|

As a consequence, we are left with showing that

P{lrriax & > a(z‘),Wrl - WO > tl/“} =o(t™", t— oo.
<k<t|

By Lemma 4.1, Eexp(rt;) < oo for some r > 0. This implies that there exists C > 0 such
that Zk>lC10gtl P{r; > k} = o(t™") as t — oo and thereupon

P{ max & > a(t), W, — W’ > ¢'/*}
1<k<t|
[Clogt]
< Z ]P’{Sk >a(t), k< rl,er — WO > tl/"‘} +0(t’1), t — 0.
k=1
To ensure that the first summand on the right-hand side is o(t~") it is more than sufficient if
we can check that, for some y > 0,

P& > a(t), k <7, W, =W > ) =0 '), t— 00
uniformly ink =1, ..., [Clog¢]. The latter is accomplished by making use of a decomposition
similar to the one used in the proof of Proposition 5.7, namely: on the event {k < 7},

k—1 Zy ST]
W =W =Y+ WH+ W +2e+ > g+ 3 ¥,
izl j=1 J=Sk+1
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Summarizing, our task boils down to proving that, uniformly ink =1, ..., [Clogt],ast — oo,
k—1
Jitk,t) = P& > a(t), k < 14, Z(Z[ +W;L) < el — O(I_l_y)’
i=1
Dk, 1) =P{& > a(t). k <7, Wy > 1'%} = o(t7'77),
Z
Sk, t) =Pi& > a(®), k < 11, Zk+ZYI 5> /e =0(t_l_y),

j=1

St

Jolk,t) = P& > a(t), k < 1, Z Y, > tl/a} — O(t—l—y).

j=Sk+1

To prove the limit relations for Ji(k,t), Jo(k,t) and J3(k,t) we apply Lemma 5.10 with
bi(t) = a(t), by(t) = t'* and bs(t) = Clogt. This enables us to conclude that J;(k,t) =
O(IP’{E > a(t)}t’l) = O(t~?) uniformly in k € N as t — oo. Also, for any § € (0, ),
Dk, 1) < Plg > a(t), W) > 1'%} = O (B[ jgouqy]), 1 — o0
uniformly in k € N. Invoking Karamata’s theorem (Theorem 1.6.5 in [3]) we infer that the
function t > t3/*E[£%1 ¢ 4] is regularly varying at oo of index —1 —8(a~! — B71) < —1,
hence J,(k,t) = o(t~'~") uniformly in k € N as t — oo. Further, as t — oo,
L
I3k, 1) < P{sk > a(t), Zi+ ) Vi >1" } 0=/« og ) = o(t™ )
j=1
uniformly in k = 1,2, . [C logt]. The asymptotic estimate for Jy(k, t) is justified by the

independence of & and Z Y;,, O

J=Sk+1

6. The proofs
Recall the notation
vit)=inflneN : S, >t}, r>0.
Put
U)=Ev(t)=) P(S <1}, >0, 6.1)
k=0

so that U is the renewal function. It is well-known (see, for instance, formula (2.1) in [11])
that (2.3) with 8 € (0, 1] entails

lim ﬁU(t) —(FQ— B+ ), 6.2)
where I' is the Euler gamma function and the function m is defined in (2.13).
We start with several technical results. The relevance of the random variables Y, defined in
Lemma 6.1 is justified by formula (6.11).

Lemma 6.1. Put
Svn)—1 s
v=Y (v"-uvr), nen
j=0
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Then
Ean :(n - Sv(n)fl)plpZ cee o Pun)
+ (= Som-Dovmy 102+ -+ - Puy—1 + -+ F Evwy—1)-
Proof. Recurrence relation (3.4) entails, fork e Nand j =0,1,...,k—1,
i
U(k) an, a.s.,
i=jr=j

where g, = (1 — w,)/w, for r € Ny and thereupon

v(n) 1 SV(”) 1

E, Z <U(n) (Sv<n) 1)) Z (an, uo:)g;lrqur)

j=0 i=jr=j

v(n) 1 n—1

> ¥ e

]OlSv(n)lrJ

n—1 i v(n)—1 Sm
= > Jle+ X X Z l_[%
i=Sy(n)—1 r=0 m=1j=Sy_1+1i=Sym)—1 r=Jj
=1 = Sum-1)P102 " - -+ Puw)
+ (= Sm-DovyEip2 o Poy—1 F o+ Ew-1). O

In Lemma 6.2 we show that the contribution of p,(, is negligible in an appropriate sense.
Recall that, for i = 1, 2, the functions ¢; were defined in the conditions (§p i) in Section 2.3
when 8 € (0, 1) and in (2.14) when 8 = 1.

Lemma 6.2.

(i) Assume that (&) and (Epl) hold for B € (0, 1] and that Ep¥ < oo for some y > B/2.
Then pym/ci(n) — 0 as n — oo.

(ii) Assume that (&) and (£p2) hold for B € (0, 1] and some o < B/2 and Ep¥ < oo for
some y > a. Then p,/ca2(n) i) 0 as n— oo.

Proof. We first check that (§p1) in combination with (§) entails

P{g > 1'%, p > eci (1))
lim
=00 P{E > 1}

=0 (6.3)

for all ¢ > 0. It suffices to prove this for ¢ € (0, 2). Fix any such an & and pick f, so large to
ensure that ¢i(et/2)/c (t) < e for t > ty. This is possible because ¢, is regularly varying at co
of index 1. Then, for ¢t > ¢,

P{g > 12, p > eci(n)) _ P> 1'%, p > ciet/2))
P{¢ > 1) = P{¢ > 1}
_PE> (e1/2)'2, p > ci(et/2)) P{§ > e1/2}
= P{¢ > 1/2) P{g > 1)
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The right-hand side tends to zero as t — oo in view of (§pl) and the regular variation of
s > P{& > s}. This completes the proof of (6.3).
As a consequence of (6.2) we have

P{& > t}U(t) = O(1), t— oo. (6.4)
For any § > 0,
P{ovm > der(n)} = /0 " P{§ >n—y, p>dci(m}dU(y)
[0,n—n'/7]

+ / LBl n =y > B (0)U() = ) + o)
(rzfn1 N

Further,

12
Li(n) < PiE > np{s,f:}&l(n)} (]P’{S > n}U(n)) - 0, n— o

by (6.3) and (6.4). As for I,(n) we have

L(n) < P{p > Sci(m}Un) — Un —n''?) < P{p > sci(n)}Un'"?)
< Ep")(Sci(n) 7 Un'?)

by subadditivity of U and Markov’s inequality. According to (6.2) U is regularly varying at
oo of index B. Also, c; is regularly varying of index 1. Therefore, the right-hand side of the
last centered formula converges to zero as n — oco. This completes the proof of part (i).

The proof of part (ii) is analogous. Therefore, we only discuss principal steps. Similarly to
(6.3) we have

. PlE >t p > ecr(t)}
lim =
t—00 ]P){%' > t}

for all ¢ > 0. Let 6 > 0. Using a decomposition

0 (6.5)

Plow > Sea(n)} = f P 0y p = Sem)U )
[0, n—n%/P]

+ f p P{§ >n—y, p>dc(m)}dU(y) =: Ji(n) + Jo(n)
(n—n%/P n]

we further obtain
a/B
Ny < 28> nIP’{E’f:} dea(n)} (Pig > n}U()) — 0, n— oo

by (6.4) and (6.5) and

D) < P{p > $cx(m}(U(n) = Un —n*'P)) < P(p > dea(m}U (/")
< Ep")Ee2(m) U0/,
The right-hand side of the last centered formula converges to zero as n — oo because

U*'P) and c,(¢)” are regularly varying at oo of indices « and (8 — a)a™!y, respectively,
and o < (B — a)a”'y. The latter is secured by y > o and > 2. [
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6.1. The case B € (0, 1)

Lemma 6.3. Assume that Elog p € [—00, 0) and that (&) holds for B € (0, 1).
(i) If (€p1) holds, and EpY < oo for some y > B/2, then
n%Y, - 0, n— oco. (6.6)

(ii) If (£p2) holds for some o < B/2, and Ep? < oo for some y > «, then

P(E > )%y, -5 0, n— oco. 6.7)

Proof. For part (i) it suffices to prove that
n2E,Y, —> 0, n— oo (6.8)

because while P,{Y, > en?} LN 0 for all & > 0 as n — oo then follows by Markov’s
inequality, P{Y, > en’} = EP,{Y, > en’} — O for all ¢ > 0 as n — oo is justified by the
Lebesgue dominated convergence theorem.

According to Lemma 6.1,

EoY, =®m— Sum-0p1 .. ooy + 1 = Som-1D)ovimyE102 - - - - Poy—1 + -+ - + Evm—1)-
In view of Elog p € [—00, 0) we have lim,,,o, o1 - ... p, =0 a.s., whence lim,_, o p; - ... "
Pom—1 = liMy 00 p1 - ... - Puy = 0 a.s. because lim,_, o, v(n) = 0o a.s. This in combination

with n — S,)—1 < n a.s. proves that
n = Som-1)P1p2 -+ .. - Puy = 0(n), N —> 00 as.

By Lemma 6.2, n_'pv(n) i) 0 as n — oo. Therefore, (6.8) follows if we can show that
E102+ ... Puy—1 +- - +&Eym)—1 1s bounded in probability, that is, for any a € (0, 1) there exists
b = b(a) > 0 such that

P{&ip2 oo poy—1 + -+ Evm—1 > b} < a. (6.9)
Write, for any x > 0,

Pior .. pogy—1 + -+ -1 > x}
= ZP{$1P2'-~~'/?1<—1 +e & > x, S <0, S + & > n)

k=2

=Y PlE+&p 4+ A& 1o pea > X, S <0, S + & > n)
k=2

=Pé& +&pi 4+ FEw—101 - Pom—2 > X}

< P& +&p1 +&pip2+ -0 > x}

This proves (6.9) (hence, (6.8)) because Elogé < oo which is a consequence of (§) together
with Elog p € [—00, 0) ensures that the series & + & 01 + &30102 + - -+ converges a.s.
Part (ii) follows from (6.9) and the observation
1 — Svm—1)Pvn) < Pu(n) _ P P 0. n— oo,
(P{g > n}~1/ n=IP{E > n}=lVe  cp(n)

where the limit relation is guaranteed by Lemma 6.2. O




4018 D. Buraczewski, P. Dyszewski, A. lksanov et al. / Stochastic Processes and their Applications 130 (2020) 39904027

Lemma 6.4. Assume that § € (0, 1). The measure pu defined in (2.5) satisfies
/ (x| A DHu(dx) < oo. (6.10)
[x|7#0
In particular, this justifies the definition of the two-dimensional Lévy process L in (2.6).
Proof. One part of (6.10) is trivial:

/ ,u(dx):,u{(u,v)eK:u2+v2>l}
x|>1

1/2 1/2

< ufu,v) eK:u>2"“orv>2""} < o0.

To prove the other part of (6.10), set, for n € Ny, A, = {(u,v) e K:u > 27" orv > 27"}.
Now observe that (0, 1]> = Up=1(An\A,—1) and that u(A,) < C,2"/2 42" for n € Ny. Using

these in combination with the inequality ,/xlz + x% < V/2(x) V x2) which holds for nonnegative
x1 and x, we obtain

2—1/2/ Ix|pn(dx) < 2—1/2/ x| p(dx) < Z/ (1 V x2)pu(dx)
0<|x|<1 (0, 172 1

n\An—1
< ZZ_(n_I)M(An) < 22—(n—1)(cuznﬂ/2 + 2n/3) < oo,
n>1 n>1

To justify the last inequality we recall that 8 € (0,1). O

We are ready to prove the main results.

Proof of Theorem 2.1. The passage from (2.8) to (2.9) is justified by a standard inversion
technique. Hence, we only prove (2.8). While either of the conditions imposed on the
distribution of p ensures that Elog p € [—o0, 0), condition (§) guarantees Elog& < oo. This
means that (2.1) holds. Starting with (3.1) we obtain a decomposition: for n € N,

Sum)—1 n
T, = Sv(n)_] +2 Z Ul-(sv(n)il) +@m— Sv(n)—l) +2 Z Ui(n)
i=0 i=Syny—1+1
Sv(n)—1
+2 3 O vy w2y U, (6.11)
i=0 i<0

Since the random walk X is transient to the right (recall (2.1)) the last summand is bounded
in probability as n — oo.

If condition (p1) holds with o« = /2, then part (i) of Lemma 6.3 applies with y > 8/2 as
defined in (p1). If condition (p2) holds with §/2 € Z, then part (i) of Lemma 6.3 applies with
any y > /2 such that y € Z. In any event, we conclude that relation (6.6) holds. Thus, (2.8)
is a consequence of

Sv(n)fl n
_ Syny— d
n 2<Su(n),1+2 E Ui( w 1)—f-(n—S,)(n)q)—i-Z E Ui(")) — 2x, n— oo.
i=0 i=Sym)—1+1

(6.12)
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In view of S,»)—1 < n we have
_2 P
n~“Sym-1 — 0, n — oo. (6.13)

Recall the definition of 7, given in (4.5). We claim that, for n € N,

Sv(n)fl n

Svmy—1) n
anzzz U; ()1+(n_Sv(n)fl)+2 Z Ui()
i=0 i=Sym)—1+1 (614)
Sv(m)—1
d
=2 ) LT, =@
k=1
which shows it is enough to prove
Svn)—1 d
n*z(z 3 zi+ T,:_Sv(n)il) L 2y, n— o (6.15)
k=1

To check (6.14), we write, for n € N and x > 0,

Sk—1 n

Plon =¥} = ZE[P{ZZ U 4 (0= Sii) +2 Z U <x,

k=1 i=0 i=Sp_1+1

Sk—1 <n, S > n|(§j7 pj)1§j5k1”

Sk—1
= ZE[P{ZZ Zi+ T, 5 <X, S =n, S >nlE, pj)lgjskl}:|
k=1 i=1
= P{wn =< x}a

where for the second equality we have used formula (3.6), the conditional independence
of Y U and DS 41 U™, given (£, pj)i<j<t_1, and the fact that, given

1
(§;, pj)1<j<k—1, the random variable n — S;_; + 2Z?=Sk,1+1 Ui(") has the same distribution

as T, _ s, see (4.0). Passing to the proof of (6.15) we note that an appeal to (4.3) yields
Tom—1 Svm)—1 o111
YW= Y Zs > W, P-as (6.16)
k=1 k=1 k=1
Formula (6.15) holds provided that
Tu)}k(n)—l
n—2(2 3 W, +Tn’_su(n)71) 4 2%, n—> oo (6.17)
k=1
and
r‘:"(n)71+1
n—2<2 Z W, + T"/*Sv(n)fl) L 2%, n—> oo
k=1

We shall only check (6.17). The proof of the other limit relation is analogous.
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Recall that a is a positive function satisfying lim,_, , tP{§; > a(¢)} = 1. By Lemma 5.1,
Et; < oo and
lim tP{S;, > a()x;} = (Br)x;?, x> 0.
11— 00
Further, parts (C2), (C3) and (C4) of Lemma 5.6 ensure
. T 2 —B/2
lim (P(W, > a(tyx) = Er)Cux, P2 x> 0.
These limit relations in combination with Proposition 5.7 demonstrate that
lim tP{S;, > a(t)x; or W;, > a(t)*x2} = (Er)u{(u, v) € K:u > x; or v > x3}
11— 00

for all x1, x, > 0, where u is a measure defined in (2.5). By Lemma 6.1 in [27], the latter
implies that

nIP’{(ai;l) %) } s Erul), n— oo,

where —> denotes vague convergence in the set of locally finite (Radon) measures on K. By
Theorem 4 in [28],

(Z[n](sfk — Sy ) Z[n]
a(n) T oam)y?
in the J;-topology on D2, where h(t) = (Et))t for t > 0.
In view of Et; < oo, (1,),en is the renewal process which corresponds to the finite mean
standard random walk (7i)ken,. According to the weak law of large numbers for renewal

) = L(h(-), n— oo (6.18)

P . .
processes n~'t* — (Er;)~! as n — oo. It is well-known that this can be strengthened

n
to

sup |n~'t, — (Br) 1] — 0, n— o0 (6.19)
t€[0,T]

for all T > 0 or equivalently

o Do), n— oo, (6.20)

where g(t) = (Et;)~'t for + > 0. Since the limit is deterministic, (6.18) and (6.20) can be
combined into the joint convergence

[n_] S‘[ _Sr, 1 [n_] W‘l.' Tt
(B Bs) 50 = woonao, =0 62

in the product J;-topology on D? x D. Furthermore, since the convergence in (6.19) is uniform,
S Sy =S Lt Wy

a(n) > an)?
infer that we can use the same homeomorphisms A,(¢#) which appear in the definition of the
Ji-convergence for both terms. This shows that (6.21) holds in the Jj-topology on D3. An
application of Lemma 4.2 together with the continuous mapping theorem yields

then passing to versions of ( a.s. we

ZIZ[Z{(STI« - ka—l) ZIZ[Z} Wfk
( o AT ) = L(), n— oo (6.22)
and
[rz]“"1 _ n] g
(== (a(Z) o 22(1)2 t) = Lo, n— oo (6.23)
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in the J;-topology on D?. Since the random walk (Sn)nen, 18 P-a.s. nondecreasing and 7.x <
n < ;x4 P-as,, relations (6.22) and (6.23) entail

Zl[cn;]l E k 1:[2{ Wfk
( i ):> L(). n— oo (6.24)

in the J;-topology on D>.
An argument leading to Theorem 3.6 in' [31] enables us to conclude that the last limit
relation entails

v([nD-1 -1 75
(Zk:1 &k Zk:l W, )

n ’ n?

= ((L1o LDO ((Lao L)), n— o0
(6.25)

in the J;-topology on D2, where we write (X (1)) for (X(t4)).
By Lemma 4.2 (iv) in [31] the limit process in (6.25) admits no fixed discontinuities. In
view of this we obtain

v(n) 1 v() I
&x Zk |

2
n n
as a consequence of (6.25). An application of (4.7) yields

) S L ) Lol (=), 1= o0

Tt —
SV . lin)—l Wf T/ d - -
(Rt sl ) S (L (=), La(Li (D=), M(D), 1> 00

n n n?

(6.26)

having utilized the fact that 7, is independent of the other components on the left-hand side.

. P .
In view of n — Sy(;—1 —> 00 as n — oo this implies that, as n — o0,

’

n n? ’ (n— Su(n)fl)2
(1= L (D)-), La(L i (1)—), M(D)

and thereupon

(ﬂ — Sum)—1 k‘infil er T’:_Sv(n)fl )
(6.27)

* —

v(n)—1 /
23 T W, + T
2

-l 2L (L (1)=) + M()(1 — Li(Li (D)) < 2,

n
n — oQ.

Thus, relation (6.17) holds true. [l

Proof of Theorem 2.2. Relation (2.11) is an immediate consequence of (2.10). Therefore, we
only focus on (2.10). Its proof proceeds along the lines of the proof of Theorem 2.1 but is
much simpler. In view of this, we only give a sketch.

We shall use decomposition (6.11). We already know from the proof of Theorem 2.1 that
the last summand in (6.11) is bounded in probability. Further, note that under the assumptions

' The independence assumption imposed in the cited result is only made to ensure a limit relation like (6.24).
The passage from (6.24) to (6.25) is justified by the continuous mapping theorem and as such does not require the
aforementioned independence.
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of Theorem 2.2 all the conditions of part (ii)) Lemma 6.3 are met. Thus,

Sv(n)fl
PlE > n)'e Y (U](.”) - UJ(.S”(”)‘I)) .0 1o . (6.28)
=0
Also,
Suon_
vl i> 0, n— o
Plg > n) /e

because S,;)—1 < n and the denominator varies regularly of index 8/o > 2. In view of these
limit relations, (2.10) is a consequence of

Sv(n)fl n
(su )17) n d T (T«
Ple>m (2 3 U =S +2 Y U) =5 2@ ()
i=0 i=Sym)—1+1

as n — 0o, which in its turn is implied by
D1 o d o PN
P{e > n}!/ (2 3 W, + T,,LSU(HH) 4 L@ L 2LT ). - oo
k=1
by the same reasoning as given in the proof of Theorem 2.1. Condition (p1) ensures that
Elogp € [—00,0). By Lemma 5.1, Et; < co and
lim 1P{S,, > a()x) = Er)x;?, x>0
—00
According to part (C1) of Lemma 5.6,

lim tP{W,, > t"%x,} = (Et))Cz(@)x;%, x> 0.

11— 00

Observe that the cited result applies in the case a € (0, 8/2) in view of E£2* < oo which is
secured by (§). These limit relations in combination with Proposition 5.8 demonstrate that

tlim tP{S;, > a(t)x; or W,] > 1%, = (Etl)(xfﬁ +Cz(@)x; )
—00

for all x;, x; > 0. Arguing as in the proof of Theorem 2.1 we arrive at counterparts of (6.18),
(6.24) and (6.27), respectively,

<ZI[("_']1(Stk - ka—l) Zl[cill Wfk

a(n) T opl/e

) = @GO L), n— o

in the Ji-topology on D?, where, as before, h(t) = (Et))t for t > 0;

[n] T W R R
( Ea) = BOLo. e

in the J;-topology on D?; as n — oo,

T\Tn -1 v 4
(n - Sv(n)—l Zk=(1) ' er Tn*Su(nyl )
n "P{E > n) Ve (n— Symy—1)?

L (1 =L@ (=), L@ (1)-), M(D)).
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Since P{£ > n}~1/* ~ nfl*g(n)~1/* we infer lim,_, o n>P{& > n}~/% = 0o and thereupon

ffm)fl
o U / d T /7T« d 57 T«
Plg > n) (2 3 Wo + T, ) == 2La@i ()-) £20E1 (1), n— oo,
k=1
where the last distributional equality is implied by the independence. [J

6.2. The case B =1

We start by proving several auxiliary results. The functions a, ¥ and 7* appearing below
are defined in Section 2.4.

Lemma 6.5. Assume that (§) holds for 8 = 1. Then, for every T > 0,

v(tu) ‘ P
P — — 0, t— oo.
uelo, 71 | 1TT*(2)
In particular,
S
% L PN (6.30)

Proof. It is known (see, for instance, Example 2 on p. 1034 in [15]) that if t > P{& > ¢} is
regularly varying at oo of index —1, then
S[,.] —t()m(t) g
a(r)
in the Ji-topology on D, where (Y(u)),>0 is a 1-stable spectrally positive Lévy process. This
yields

Y[(‘), t — o0

— = f(), t— o0, (6.31)

where f(u) = u for u > 0. Using continuity of the inversion (see [34]) we deduce

MO ey 20 22 0} g0, 1o o

Since the limit is continuous, the convergence is actually locally uniform, that is, for every
T > 0,

0, t— oo.

v(tum (1)) u‘ BN

uel0, T] t

Replacing ¢ with t7*(¢) and using lim,_, o, 7*(t) (t*(¢)) = 1 we obtain the first claim of the
lemma.

Relation (6.30) follows from (6.31) with #r*(¢) replacing ¢ in combination with the first
claim and Lemma 4.2 with k = 1. [

Lemma 6.6. Assume that (§) holds for f = 1. Then

n—Sym-1 P
—— — 0, n— oo
a(nm*(n))



4024 D. Buraczewski, P. Dyszewski, A. lksanov et al. / Stochastic Processes and their Applications 130 (2020) 3990—4027

Proof. Fix § > 0 and write

Pl — Suy 1 > da(n*(n)} < P { mn = Swn-1) _ m(8a<nn*<n>))} |

m(n) - m(n)

By Theorem 6 in [11],

m@m — Sym-1) -

limIP{ _x}:x, x €0, 1].
m(n)

n—oo
Thus, it is enough to show that

m(8a(nm*(n))) -

lim inf 1.

n—00 m(n)
Since m is slowly varying, this limit relation is equivalent to

timing "D g T i >
n— 00 m(n) n— 00 m(n) n—oo *(n)mn)

The last inequality follows by an application of Fatou’s lemma together with Lemma 6.5:

U U 1
| =E lim < timinf -2 _ Jim ing 2010
n—o00 nTr*(n) n—o0o nr*(n) n—00 n m(n)m*(n)
1
= liminf

=00 m(n)m*(n)’
where the first limit is understood as the limit in probability, U denotes the renewal function
(see (6.1)), and the last equality follows from (6.2). [

Lemma 6.7 given next is a counterpart of Lemma 6.3.

Lemma 6.7. Assume that Elog p € [—00, 0) and that (§) holds for B = 1.
(i) If (€p1) holds, and Ep¥ < oo for some y > 1/2, then
a(nr* () 2Y, —> 0, n— oo, (6.32)
(ii) If (£p2) holds for some o < 1/2 and Ep? < oo for some y > «, then
()Y, =5 0, n— oo. (6.33)
The proof is omitted, for it follows along the same lines as the proof of Lemma 6.3.
Proof of Theorem 2.3. Recall that § = 1. If condition (p1) holds with « = 8/2 = 1/2, then
Lemma 6.7(i) applies with y > 1/2 as defined in (p1). If condition (p2) holds with 1/2 € Z,

then Lemma 6.7(i) applies with any y > 1/2 such that y € Z. Thus, in any event, (6.32) holds.
Using once again decomposition (6.11) we conclude that (2.15) is a consequence of

SV n)— SU n)— n
Sum-1 2505 U 0 = Sy +2 s U
4 oo0,(1) (634
a(nm*(n))?
as n — oo. In view of Sy,»—1 <n P-as.,
Shim—
W1 Py ns o (6.35)
a(nm*(n))*

because the denominator is regularly varying at co of index 2.
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From the proof of Theorem 2.1 we know that distributional equality (6.14) holds. Hence, it
is enough to show that

Svn)—1
=1 Zk d

W —> Ly(1), n—> o0 (6.36)
and

T/

e Py S o (6.37)

a(nm*(n))>

We first prove (6.37). Using (4.7) in combination with n — Syy)—1 i) +00 as n — oo and
the independence of (T))ken, and n — Sy)—1 we infer

T/
—Sum)— d
n—()lz — 219, n— oo.
(n — Syem-1)

With this at hand, (6.37) follows from Lemma 6.6.
In order to prove (6.36) note that in formula (6.22) we still have convergence of the second
components, that is,

o —
Zk[i} W, i&
a(n)?

or, equivalently,

Ly(-), n— o0

iju;*mxzn W.
S = 210} :
e O noeo
By Lemma 6.5,
vy —1 7
T O e

where f(t) =t for t > 0. Using once again Lemma 4.2 with kK = 1 we infer

t:(n)—l_ d
L;k — Ly(1), n— oo.
a(nw*(n))

The same limit relation holds with v(n) replacing v(n) — 1. In view of (6.16) we arrive at
(6.36). O

Proof of Theorem 2.4. As before, we only focus on the formula involving T,,, that is, (2.17).
The proof of (2.17) is similar to but much simpler than the proof of Theorem 2.2. In view of
this, we only give a sketch.

According to the proof of Theorem 2.2 the last summand in (6.11) is bounded in probability.
Under the assumptions of Theorem 2.4 the conditions of Lemma 6.7(ii) are satisfied, whence

Sv(n)fl
()™ Y (U}”)—UJ(.S””)‘”) .0 no o (6.38)
=0
Further,
Sv(n)fl P

(nmw*(n))l/e
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because S,n)—1 < n P-a.s. and the denominator is regularly varying at oo of index 1/a > 2.
In view of (6.29)

Zk[nn*(n)( )] U er :$
- L .
(nr~(m))1 /= 20,0

As in the proof of Theorem 2.3, an appeal to J;-continuity of the composition and Lemma 6.5
enables us to conclude that

Zku(n) IW
(n* ()
and that its counterpart holds with v(n) replacing v(n) — 1. Finally, we claim that

£ 1,0), n— oo,

T
0 H 0, n— oo.
(nm*(n))l/e
Indeed, this is a consequence of (4.7), Lemma 6.6 and the limit relation
a(nr*m)?

n—00 (nyt*(n))l/a -
that we are now going to prove. When o < 1/2, the latter holds, for the function a is then
regularly varying at oo of index 1 < 1/(2«). When o = 1/2, we have lim,_. £(¢) = 0 by
assumption. This entails a(¢) = o(t) as t — oo, and the limit relation follows. [
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